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Abstract:

Quantum computing represents a significant advancement in computational science, offering
the potential to address problems through fundamentally different computational paradigms
from classical computers. One of the current prime candidates to potentially demonstrate
a quantum advantage on near-term Noisy Intermediate Scale Quantum (NISQ) devices is
the Quantum Approximate Optimization Algorithm (QAOA). A highly promising applica-
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This process combines fine-tuning parameters using both quantum and classical methods.
Multiple extensions inspired by literature such as the Multiangle Approach, initial param-
eter distributions, and diverse methodologies are explored and their efficiency is discussed,
highlighting Gaussian distribution as a great naive option. A new approach to improve con-
vergence using neural networks is proposed and many techniques are applied to envision an
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CHAPTER 1

INTRODUCTION

Quantum computing is an interdisciplinary field that studies the application of quantum

physics in computation. By exploiting the principles of quantum mechanics, quantum com-

puters process information through quantum superposition and entanglement, enabling the

simultaneous exploration of multiple solution spaces. This technological leap is particularly

promising for optimization problems, where classical methods often encounter limitations in

scalability and efficiency. The theoretical foundation of quantum computing was established

by pioneers such as Richard Feynman and David Deutsch, who proposed the concept of

machines capable of simulating quantum phenomena. Over the past few decades, progress

in quantum hardware and algorithms has transformed these theoretical constructs into ex-

perimental platforms.

Optimization is one of the most compelling applications of quantum computing. Clas-

sical optimization algorithms often become inefficient and slow as the size and complexity

of the data increase due to their sequential nature. In contrast, quantum algorithms can

exploit the parallelism inherent in quantum mechanics to their advantage. This parallelism

can lead to substantial decreases in computation time for certain classes of problems. Con-

sequently, quantum computing is particularly relevant in fields where traditional methods

become intractable.

1.1 Quantum Computing in the Near Term

Quantum computing, applied to optimization problems, is an area of constant research.

As of now, quantum computing remains largely experimental [3], with many of its practical
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applications still in the early stages. However, specific instances and models have conjectured

how quantum approaches could outperform classical algorithms under certain conditions,

marking significant milestones in the field.

One of the significant advancements in quantum technologies is the development of quan-

tum computers utilizing quantum gates and quantum annealing [4] [5]. Companies, including

IBM and D-Wave, have been at the forefront of this development, creating accessible systems

for potential practical applications. These systems could, for specific cases [6] provide poten-

tial speedups over classical methods, which, if consistently verified, would support quantum

applicability in fields currently dominated by classical methods [7]. Although the debate on

whether these systems can provide a true quantum speedup over classical solutions persists,

there are cases, particularly in materials science, magnetic analysis, and simulations; where

quantum annealing, after technological advances, has the potential to outperform existing

methods [8] [9].

Although these computers can produce valid results, it is crucial to contextualize their

current capabilities. We are in the Noisy Intermediate-Scale Quantum (NISQ) era [10]. The

term ”noisy” indicates that our control over qubits is imperfect, meaning they are not fault-

tolerant. ”Intermediate-scale” refers to the number of qubits in operation, typically ranging

from 50 to a few hundred, although recent advancements have surpassed the 1000-qubit

mark [11]. Given these limitations, hybrid solutions that combine classical and quantum

computing are currently the most effective approach.

A particularly interesting area in quantum optimization is the Quantum Approximate

Optimization Algorithm (QAOA) [12]. Initially proposed as a method for solving com-

binatorial problems, QAOA operates by creating a parameterized quantum circuit whose

parameters are optimized classically to minimize a specific cost function. This hybrid ap-

proach exploits both quantum and classical computation, making it more feasible given the

current limitations of quantum computers. While QAOA is demanding in terms of quan-

tum resources, it remains more practical than fully quantum algorithms at this stage of
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technological development. Recent studies have demonstrated that QAOA has the poten-

tial to perform competitively with classical algorithms, especially for specific instances of

combinatorial optimization problems [12, 13].

In experimental settings, IBM and Google have recently demonstrated that quantum

processors have the potential to simulate certain quantum systems more efficiently than

the world’s fastest supercomputers [7]. However, these claims have spurred advancements

in classical algorithms, thereby casting doubt on the validity of the so-called ”quantum

supremacy” by suggesting that classical methods may not yet have reached their optimal

performance. While this achievement does not directly translate to solving optimization

problems, it underscores the capability of quantum systems to handle exponentially large

computational spaces, indicating potential future applications in optimization tasks where

classical computers encounter limitations in scalability and speed.

1.2 Quantum Computing Applied to Power Distribution Grids

As society advances and the demand for electrical energy increases, particularly in localized

areas, the need to prevent outages and efficiently distribute electricity becomes critical. To

achieve this, the power grid must be optimized in real-time. This optimization involves aggre-

gating the power grid into nodes that consume or produce energy. It is essential to consider

a sufficient number of nodes to ensure no relevant information is lost while simultaneously

limiting the number of data points to maintain computational feasibility [14].

Around the 1940s, for complex analyses, graphical methods such as nomograms were

widely used [15], or analog systems where mechanical parts could be modified to simulate

the network [16]. These tools allowed engineers to solve system equations visually, facili-

tating quicker solutions to common problems such as load flow analysis and short circuit

calculations.

The advent of digital computers marked a paradigm shift in power grid calculations and

numerous other research fields. Digitalization facilitated more complex mathematical mod-
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els and iterative algorithms capable of handling large-scale systems. This era witnessed the

development of sophisticated software for load flow studies, fault analysis, and optimal power

flow, which significantly enhanced the accuracy and efficiency of grid management. The in-

troduction, in 1967, of methods such as the Fast Decoupled Load Flow and Newton-Raphson

techniques [17] revolutionized how engineers approached power distribution problems, allow-

ing for real-time simulation and management of power grids.

Classical methods have continually improved over time; however, the rise of distributed

generation, where clients also act as producers [18], has brought about profound changes

in electricity distribution networks. The presence of multiple generators within the net-

work enhances the ability to balance surpluses and deficits [19], but it necessitates much

more complex and time-consuming algorithms. Similar challenges have emerged in placing

charging stations in smart cities, balancing the total throughput [20].

While minor changes in network size may not seem significant, the routing and load

distribution across numerous substations and transmission lines can be modeled as a graph

partitioning problem, which involves dividing the network into k groups under specific con-

straints. This task is currently tackled using classical algorithms that grow exponentially

more complex as the network expands increasing the number of nodes [21]. Quantum com-

puting, however, offers a different approach. Unlike classical systems that compute power

distribution scenarios sequentially in parallel processors, quantum computing employs quan-

tum superposition to evaluate multiple configurations simultaneously in the same processor

[22, 23]. This capability has demonstrated theoretical speedups in various other problem do-

mains, suggesting that quantum algorithms could potentially achieve exponential speedups in

solving optimization problems related to power distribution, compared to traditional meth-

ods. For power grid optimization, this would mean dynamically adjusting to changes in

demand and supply, more effectively integrating renewable energy sources, and enhancing

the overall stability and reliability of the energy infrastructure [24].
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1.3 Outline

This work evaluates the performance of several configurations of the Quantum Approximate

Optimization Algorithm (QAOA) on a simplified Scandinavian power grid problem. The

objective is to define self-sufficient partitions capable of exchanging energy while maintaining

a balance in the number of nodes per partition and respecting current power line connections.

Based on a published study on clustering the German power distribution network using

quantum technologies provided by D-Wave [25], this thesis adapts its approach by replacing

quantum annealing with QAOA. The proposed Hamiltonian has been modified to reduce the

number of necessary qubits, but the core principles remain unchanged. This research aims

to measure the efficiency of QAOA in solving the partitioning problem and to explore its

potential and limitations.

The structure will be the following. We will start with a brief but necessary introduction

to the Laws of Quantum Mechanics and basic principles on Quantum Circuits in Chapter 2.

Once acquainted with the underlying physics, algorithm theory and Quantum Algorithms

are described in Chapter 3. Our main focus will be on the QAOA and additional technologies

will be discussed. Employing the previous knowledge, we will apply the developed tools to

a real-case scenario in Chapter 4 and finally analyze the sustainability of our project in

Chapter 5.
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CHAPTER 2

QUANTUM COMPUTING FUNDAMENTALS

In this chapter, the fundamental components and principles underlying quantum circuits

will be explored, starting from the basics and progressing to more complex concepts. Begin-

ning with a dive into the framework of quantum mechanics in Section 2.1 and an introduction

to the fundamental unit of quantum computing, the qubit, in Section 2.2. Following this,

we delve into the various operations applied to qubits in Section 2.3, and finally, we discuss

how these operations impact quantum computing in Section 2.4 and their implementations

in Section 2.5.

2.1 Quantum Mechanics Introduction

Quantum mechanics is a fundamental field of physics that provides a mathematical frame-

work to explain and predict the behavior of quantum phenomena observed in experimental

results. Given that the behavior of qubits is governed by the principles of quantum me-

chanics, a thorough understanding of this framework is crucial. This chapter begins with

an introduction to the formulation of quantum mechanics, starting with the Schrödinger

equation

iℏ
∂ψ(x, t)

∂t
= Hψ(x, t) . (2.1.1)

Usually in the form where the Hamiltonian is expressed as

iℏ
∂ψ(x, t)

∂t
= − ℏ2

2m
∇2ψ(x, t) + V (x, t)ψ(x, t) . (2.1.2)
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Functions that are solutions of this differential equation represent possible states of the

physical system under study. However, not all solutions are physically meaningful; valid

functions must be normalized within a specific space, namely the Hilbert space, according

to a certain norm, the L2-norm.

2.1.1 Mathematical Background

Hilbert Space

In Equation (2.1.2), if the Hamiltonian represents a physical system, meaning it fulfills

H = H† (and can thus generate a basis of the space), then every isolated physical system

can be associated with a separable, complex Hilbert space:

• Separable, meaning that exists a countable (infinite or not), dense subset in that space

where every nonempty subset of elements contains at least one element of the sequence.

For S ⊆ H

x ∈ H,∃s ∈ S : ||x− s|| < ϵ,∀ϵ > 0 . (2.1.3)

It implies that there exists a sequence of elements of the space that can approximate

(with arbitrary precision) any element of the space. This fact is important because it

allows us to define a basis, such that any vector of the system can be approximated

infinitely close by a linear combination of the basis.

• Complex, meaning that complex coefficients are allowed.

• A Hilbert space is a vector space equipped with the structure of inner product space,

which is also complete. This means it follows the rules of vector addition and scalar

multiplication, and includes a scalar product. Additionally, it is complete, meaning

any Cauchy sequence of elements in the space converges to an element within the space.
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The scalar product is

||ψ|| =

√∫
R3

ψ∗ψdx . (2.1.4)

We will only consider functions with finite norms as valid physical solutions so they

conform to probability distribution rules, i.e. they must be bounded to be normalized.

One of the properties of such spaces is the capability to represent a state of the system

as a vector. Say we have an orthonormal basis {ϕi} with n elements, then

ψ =
∑
i

ciϕi =


c0
...

cn−1

 , ψ∗ =
∑
i

c∗iϕ
∗
i =

(
c∗0 . . . c∗n−1

)
. (2.1.5)

The scalar product can be expressed as

∫
ψ∗(x, t)ψ(x, t)dx =

(
c∗0 . . . c∗n−1

)
·


c0
...

cn−1

 . (2.1.6)

Dirac’s Notation

To ease the notation in further chapters, Dirac’s notation will be used. We define the

following symbols:

• Ket, an element of the solution space will be expressed as


c0
...

cn−1

→ |ψ⟩.

• Bra, an element of the dual space such that

(
c∗0 . . . c∗n−1

)
→ ⟨ψ|.

• BraKet, being the definition of the scalar product

(
c∗0 . . . c∗n−1

)
·


c0
...

cn−1.

→ ⟨ψ|ψ⟩
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• KetBra, the definition of the outer product


c0
...

cn−1

 ·
(
c∗0 . . . c∗n−1

)
→ |ψ⟩ ⟨ψ|.

2.1.2 Postulates of Quantum Mechanics

When describing a physical system, it is essential to define its states, observables, and

dynamics [26]

States

Postulate I.a: System State Postulate:

Any state of a physical system at a given instant of time can be represented by a vector

in the state space.

As it is a separable space, this also means that with a countable number of observations,

we will be able to sufficiently approximate any state by adjusting the coefficients. Ad-

ditionally, states that differ only by a phase factor (which is unmeasurable) are considered

equivalent. Hence, our state vectors are defined not just as vectors but as rays (combinations

of states differing by a phase).

When introducing composite systems:

Postulate I.b: Composite State Postulate: The Hilbert space of a composite system is

the tensor product of the Hilbert spaces of the individual systems.

This postulate defines how to express the state of a combined system. For two systems

A and B as

ψAB = ψA ⊗ ψB . (2.1.7)

It also introduces the concept of entangled states, which cannot be described as separable

states and will be discussed further.
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Measurements

Physical systems can be measured to determine their states. However, in quantum mechan-

ics, measurements affect the system in the way that is explained by the following postulates

Postulate II.a: Observing physical quantities: Every measurable physical quantity is

described by a Hermitian operator in the Hilbert state space. Being Hermitian, its eigenvec-

tors can form an orthonormal basis, and the result of a measurement corresponds to one of

these eigenvalues.

Postulate II.b: Results of measurement: The probability of obtaining a certain eigen-

value has the form:

• For discrete (perhaps degenerate) spectrums P (an) =
∑gn

i |⟨ain|ψ⟩|2.

• For continuous non-degenerate space dP (an) = |⟨α|ψ⟩|2dα .

Postulate II.c: Effects of measurement: After a measurement is performed, only one

result is obtained, and the state is re-normalized to reflect this outcome.

Dynamics

Lastly, the evolution of the system over time is defined by

Postulate III.a: Differential Equation:The evolution of the system is governed by a

differential equation involving the energy observable operator

iℏ
∂ |ψ⟩
∂t

= H |ψ⟩ . (2.1.8)

Postulate III.b: Time Evolution: The evolution of the system is defined by a unitary

transformation on the initial state such that

|ψ(t)⟩ = T e−
i
ℏ
∫ t
t0

H(t′)dt′
. (2.1.9)

Where T is the time ordering operator, accounting for non-commuting Hamiltonians, as

they generally do not commute.
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Density Matrix

In some cases, systems are better described by a density matrix. The previous postulates

are generalized as follows

Postulate I’.a: System State Postulate:

Any state of a physical system at a given instant of time can be represented by a linear

operator ρ called density matrix that satisfies

ρ = ρ†, T r(ρ) = 1, ⟨ψ|ρ|ψ⟩ ≥ 0,∀ψ ∈ H . (2.1.10)

This describes the system in a probabilistic manner, as the state is a mixture of pure

states.

For measurements, we have the following generalization

Postulate II’.b: Results of measurement: The probability of obtaining a certain eigen-

value takes the form

P (an) = Tr(ρ |an⟩ ⟨an|) . (2.1.11)

Postulate II’.c: Effects of measurement: After a measurement is performed, the state

is re-normalized

ρan =
1

P (an)
|an⟩ ⟨an| ρ |an⟩ ⟨an| . (2.1.12)

The rest of the postulates are applied in the same way as to pure states.

2.1.3 Allowed Hamiltonians

All Hamiltonians are required to be Hermitian Operators, which ensures that they represent

unitary evolutions, all the eigenvalues are real and an orthonormal basis may always be

found, defining by every energy a possible eigenstate or subspace of eigenstates [27]. All these

properties allow for states to be normalized throughout the whole evolution, respecting the

postulates of Quantum Mechanics
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Ising Hamiltonians

The Ising model is a mathematical model of ferromagnetism in statistical mechanics, and its

quantum version is fundamental to this thesis. The Ising Hamiltonian represents interactions

between spins in a magnetic system and is used to describe and simulate quantum behavior

in various materials and quantum computational models. The quantum version of the Ising

Hamiltonian is slightly different from the original one and it reads as

H = −J
∑
i,j

σzi σ
z
j − h

∑
i

σxi . (2.1.13)

Where σz and σx represent Pauli matrices Z and X respectively, which have extreme im-

portance in Quantum Physics. This Hamiltonian is the foundation of QAOA, the algorithm

at the center of this thesis. The importance of the Ising Hamiltonian in QAOA stems from

its ability to map computational problems onto inherently binary spin systems. That implies

that all families of logistic problems with binary variables may (or not) be mapped to an

Ising Hamiltonian. It also has relevance in the realm of simulating quantum systems, but it

is out of the scope of this work.

2.1.4 Pauli Matrices

Pauli matrices are 2x2 complex matrices that are ubiquitous in Quantum Mechanics, and

most commonly related to spin systems. Defined as

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 . (2.1.14)

They are Hermitian and satisfy the following relationships:

• Commutation: [σi, σj] = 2iϵijkσk

• Anti-commutation: {σi, σj} = 2δijI
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x σx σy σz

σx I iσx −iσy

σy -i σx I iσx

σz i σy −iσx I

Where ϵijk is the Levi-Civita, δij Kronecker delta, and I is the Identity. Analogously, it

can be seen in a table for in Section 2.1.4. In an attempt to simplify notation, Pauli matrices

will be instantiated as X, Y, Z

Among some of their uses, their main importance is found in the following areas:

State representation

It can be proven that any state in the Bloch sphere can be represented as

ρ =
1

2
(I+ r⃗σ⃗) , (2.1.15)

where r⃗ is the position vector on the Bloch sphere. This can be useful in certain mathematical

operations allowing the decomposition of the density state into Pauli matrices.

Infinitesimal Generators of Rotations

Pauli matrices are also generators of both rotation groups SU(2), Special Unitary group of

degree 2, meaning all unitary operators that are 2 dimensional, and SO(3), Special Orthog-

onal group of degree 3. The first concept allows us to parameterize any unitary operator

as

U = aI+ i(bσx + cσy + dσz) , (2.1.16)

where a2 + b2 + c2 + d2 = 1 to ensure a unitary operator. That means any system evolution

can be expressed in terms of the Pauli matrices (and the Identity matrix). In particular, each

Pauli matrix x, y, z, when multiplied by an angle and exponentiated, generates a rotation

over that axis:
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RX(θ) = e−i
θ
2
σx , (2.1.17)

RY (θ) = e−i
θ
2
σy , (2.1.18)

RZ(θ) = e−i
θ
2
σz . (2.1.19)

Generating the SO(3), the rotational group of the 3D Euclidian space [28].

Operator Basis

It can be proven that the Pauli matrices form a base for all Hermitian operators, and in

our case, this will mean that all observables, including the Hamiltonian, can be expressed in

terms of them. Any Hermitian matrix can be written as

H =

 x y + iz

y − iz ω

 , (2.1.20)

where x, y, z, ω are all real numbers. Now it follows that

H =
x+ ω

2

1 0

0 1

+ y

0 1

1 0

− z

0 −i

i 0

 x− ω

2

1 0

0 −1

 (2.1.21)

=

 x y + iz

y − iz ω

 . (2.1.22)

Generalizing to n qubits, as we perform the tensor product of the basis of each space, we

obtain a basis of 4n elements

{Ii ⊗ Ij, . . . , Ii ⊗ σzj , σ
x
i ⊗ Ij, . . . σ

z
i ⊗ σzj} 1 ≤ i, j ≤ n . (2.1.23)

This decomposition is used when operators are represented as a Sparse Pauli operator,

otherwise, the number of terms needed to compute will grow exponentially. This fact will

be seen further in the study case.
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Then for a Hermitian matrix,

Ĥ =
4n−1∑
k=0

ωkP̂k (2.1.24)

⟨Ĥ⟩ =
4n−1∑
k=0

ωk

2n−1∑
j=0

pkjλkj , (2.1.25)

where λkj is the j-th eigenvalue of the k-th operator, and as there can be as many states

as 2n, the summation over j takes into account all the range. When put into practice, both

summations are done over a polynomial(n) amount of times where n is the number of qubits

in cases where the operator can be expressed as a Sparse Pauli Operator and some eigenvalues

can be disregarded. The relevance of this decomposition is found when estimating the energy

value of a Hamiltonian [29].

2.2 The Qubit

Figure 2.1: Visual representation of a qubit and its possible states. Extracted from [1]

The qubit is defined as the fundamental unit of quantum information [30], analogous to

the ”bit” in classical information theory. Unlike the classical bit, which is confined to the
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binary states 0 or 1, the qubit can exist in states between them, due to a physics phenomenon

called quantum superposition (see Figure 2.1). In mathematical terms, if the state of a

system were to be defined as f(0) or f(1), a classical bit (cb) and a quantum bit (qb) would

have the following definitions

cb = {f(0), f(1)} (2.2.1)

qb = αf(0) + βf(1) (2.2.2)

Where α and β are complex numbers that follow certain restrictions.

This property is related to the capability of Quantum Computers to perform multiple

computations at once as both states, 0 and 1, coexist at the same time. This concept will

be explained in more depth and will appear in the following chapters.

When multiple qubits interact, a distinct quantum mechanical phenomenon known as

quantum entanglement arises. Quantum entanglement establishes a correlation between

the states of qubits such that the state of one qubit instantaneously affects the state of

another, regardless of the distance between them. This phenomenon not only transforms

computational processes compared to classical methods but also underpins various other

fields, such as quantum encryption, where this rapid information transfer can be utilized.

Lastly, without delving too deeply into details before properly defining certain key con-

cepts, it becomes evident that the traditional measure of information in a system, as rep-

resented by Shannon’s entropy SShannon = −
∑

i P (xi)log2[P (xi)] requires an adaptation.

This revision reflects the complex nature of quantum states where superposition and en-

tanglement redefine how information is quantified, stored, and manipulated, necessitating a

quantum-specific approach to information theory.
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2.2.1 Coherence Time

Coherence time is a critical metric for any quantum system, reflecting the duration a qubit

can maintain its quantum state without significant degradation. This property is vital be-

cause quantum computations depend on the superposition of states, which can be disrupted

by interactions with the environment—known as decoherence. Decoherence leads to the loss

of quantum information, manifesting as errors during computation. Therefore, maintaining

long coherence times while minimizing decoherence and error rates is fundamental.

2.2.2 Scalability

Scalability involves the capacity to increase the number of qubits within a quantum system

without excessive increases in error rates or operational complexity. A scalable quantum

architecture allows for tackling more computationally intensive problems that require larger

qubit arrays. Some architectures that will be mentioned in the following paragraphs will

brush on the idea of introducing modular processors.

2.3 Quantum Gates

In the previous section, we found out about the quantum operators and how we can generate

the most general version of them. Now we will use this theory to design more complex

transformations to solve a problem. In the process, we will be defining circuits of operators

that mainly have an effect on the Hamiltonian of the system and thus apply a unitary

transformation.

2.3.1 Single Qubit Gates

The most common gates used, using the basis {|x⟩ , x = 0, 1} and the corresponding matrix

form in canonical basis, would be:
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• Identity:

I |x⟩ = |x⟩ , (2.3.1)

I =

1 0

0 1

 , (2.3.2)

as shown in Figure 2.2a and Figure 2.2b .

• NOT:

X |x⟩ = |1− x⟩ , (2.3.3)

X =

0 1

1 0

 , (2.3.4)

as shown in Figure 2.2c and Figure 2.2d .

• Hadamard:

H |x⟩ = 1√
2
((−1)x |x⟩+ |1− x⟩) , (2.3.5)

H =
1√
2

1 1

1 −1

 , (2.3.6)

as shown in Figure 2.2e and Figure 2.2f.

• Rotational Gates:

–

RX(θ) (a |0⟩+ b |1⟩) =
(
a · cos(θ

2
)− b · i · sin(θ

2
)

)
|0⟩+

(
−a · i · sin(θ

2
) + b · cos(θ

2
)

)
|1⟩ ,

(2.3.7)

RX(θ) =

 cos(θ/2) −i sin(θ/2)

−i sin(θ/2) cos(θ/2)

 , (2.3.8)

as shown in Figure 2.3a and Figure 2.3b.
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–

RY (θ) (a |0⟩+ b |1⟩) =
(
a · cos(θ

2
)− b · sin(θ

2
)

)
|0⟩+

(
a · sin(θ

2
) + b · cos(θ

2
)

)
|1⟩ ,

(2.3.9)

RY (θ) =

cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

 , (2.3.10)

as shown in Figure 2.3c and Figure 2.3d.

–

RZ(θ) (a |0⟩+ b |1⟩) = a · e−i
θ
2 |0⟩+ b · e−i

θ
2 |1⟩ , (2.3.11)

RZ(θ) =

e−iθ/2 0

0 eiθ/2

 , (2.3.12)

as shown in Figure 2.3e and Figure 2.3f

Note that the Hadamard is an operator that transforms a single defined state into

a superposition of states. Its ability to create superposition reflects the quantum nature

of particles, enabling quantum computers to explore many possibilities simultaneously.

These gates also have a matrix form in our canonic basis:

• Identity: I =

1 0

0 1

 as shown in Figure 2.2a and Figure 2.2b .

• NOT: X =

0 1

1 0

 as shown in Figure 2.2c and Figure 2.2d .

• Hadamard: H = 1√
2

1 1

1 −1

 as shown in Figure 2.2e and Figure 2.2f.

• RX(θ) =

 cos(θ/2) −i sin(θ/2)

−i sin(θ/2) cos(θ/2)

 as shown in Figure 2.3a and Figure 2.3b
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• RY (θ) =

cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

 as shown in Figure 2.3c and Figure 2.3d

• RZ(θ) =

e−iθ/2 0

0 eiθ/2

 as shown in Figure 2.3e and Figure 2.3f

Using only Phase shifts and Hadamards, it can be demonstrated that we can generate

the most general case:

H Φ(θ) H Φ(φ+ π
2
)

Which would result in the following set of operations to an initial state of the basis such

as

|0⟩ −→
H

1√
2
(|0⟩+ |1⟩) −−→

Φ(θ)

1√
2
(|0⟩+ eiθ |1⟩) −→

H

1

2
((1 + eiθ) |0⟩+ (1− eiθ) |1⟩) . (2.3.13)

Using the definition of the cosines and sines as exponential, we convert the last result to

ei
θ
2 (cos

θ

2
|0⟩ − i sin

θ

2
|1⟩) −−−−→

Φ(φ+π
2
)
ei

θ
2 (cos

θ

2
|0⟩+ eiφ sin

θ

2
|1⟩) . (2.3.14)

So the general transformation applied is then

U = Φ(φ+
π

2
) ·H · Φ(θ) ·H . (2.3.15)

2.3.2 Two Qubit Quantum Gates

The previously discussed single-qubit gates affect individual qubits. If applied individually

to each qubit, the global state can still be represented using a separation of states

|0⟩ ⊗ |0⟩ →U1 |ψ1⟩ ⊗ |0⟩ →U2 |ψ1⟩ ⊗ |ψ2⟩ . (2.3.16)

This implies that with only single-qubit gates, we cannot fully explore the new space

generated by the tensor product of both Hilbert spaces. Consequently, no entanglement is

20



(a) Initial state before operator I. (b) The qubit is left unchanged.

(c) Initial state before operator X. (d) The qubit is flipped.

(e) Initial state before operator H. (f) Superposition has been created.

Figure 2.2: Effects of the operators I, X and H.

21



(a) Initial state before opera-

tor RX. (b) Rotation around x-axis.

(c) Initial state before opera-

tor RY . (d) Rotation around y-axis.

(e) Initial state before opera-

tor RZ.

(f) Equivalent to a phase

change.

Figure 2.3: Effects of the operators RX, RY and RZ. Simulated with [2]
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achieved. To prove this fact, let us generalize as much as possible single qubit gates. The

derived expression is important because, internally, some simulators and hardware represent

the previous single gate qubits using only this generalization [29].

Generalization of Single Qubit gates

Before that, we need to generalize the application of single-qubit gates to the new space

we are dealing with. In the same way as with operators, that can be done with the tensor

product. Let’s demonstrate that, using the most general version of a unitary operator U

U |0⟩ = cos
θ

2
|0⟩+ sin

θ

2
eiφ |1⟩ , (2.3.17)

U |1⟩ = (− sin
θ

2
|0⟩+ cos

θ

2
eiφ |1⟩)eiϕ . (2.3.18)

U2D |00⟩ = (cos
θ1
2
|0⟩+ sin

θ1
2
eiφ1 |1⟩)⊗ (cos

θ2
2
|0⟩+ sin

θ2
2
eiφ2 |1⟩) , (2.3.19)

U2D |01⟩ = (cos
θ1
2
|0⟩+ sin

θ1
2
eiφ1 |1⟩)⊗ (− sin

θ2
2
|0⟩+ cos

θ2
2
eiφ2 |1⟩)eiϕ2 , (2.3.20)

U2D |10⟩ = (− sin
θ1
2
|0⟩+ cos

θ1
2
eiφ1 |1⟩)eiϕ1 ⊗ (cos

θ2
2
|0⟩+ sin

θ2
2
eiφ2 |1⟩) , (2.3.21)

U2D |11⟩ = (− sin
θ1
2
|0⟩+ cos

θ1
2
eiφ1 |1⟩)eiϕ1 ⊗ (− sin

θ2
2
|0⟩+ cos

θ2
2
eiφ2 |1⟩)eiϕ2 . (2.3.22)

Assuming U1 and U2 different operators and therefore have different parameters. This

would yield the operator:

U2D =



cos θ1
2
cos θ2

2
− cos θ1

2
sin θ2

2
eiϕ2 − sin θ1

2
cos θ2

2
eiϕ1 sin θ1

2
sin θ2

2
eiϕ1+ϕ2

cos θ1
2
sin θ2

2
eiφ2 cos θ1

2
cos θ2

2
eiφ2eiϕ2 − sin θ1

2
sin θ2

2
eiφ2eiϕ1 − sin θ1

2
cos θ2

2
eiφ2eiϕ1+ϕ2

sin θ1
2
cos θ2

2
eiφ1 − sin θ1

2
sin θ2

2
eiφ1eiϕ2 cos θ1

2
cos θ2

2
eiφ1eiϕ1 − cos θ1

2
sin θ2

2
eiφ1eiϕ1+ϕ2

sin θ1
2
sin θ2

2
ei(φ1+φ2) sin θ1

2
cos θ2

2
ei(φ1+φ2)eiϕ2 cos θ1

2
sin θ2

2
ei(φ1+φ2)eiϕ1 cos θ1

2
cos θ2

2
ei(φ1+φ2)eiϕ1+ϕ2


.

(2.3.23)

As can be seen, it corresponds exactly to the tensor product of both operators
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U2D =

 cos θ1
2

− sin θ1
2
eiϕ1

sin θ1
2
eiφ1 cos θ1

2
eiφ1eiϕ1

⊗

 cos θ2
2

− sin θ2
2
eiϕ2

sin θ2
2
eiφ2 cos θ2

2
eiφ2eiϕ2

 = U1 ⊗ U2 . (2.3.24)

Then we have justified that by applying different 1 qubit transformations to each of the

qubits, the resulting operator is the Kronecker product of both operators (which in the case

of 2x2 matrices is easily solvable). Thus, no combination of single-qubit gates will not be

able to generate entanglement.

We will express the previous transformation as:

U1

U2

C-NOT Gate (CX)

This gate acts on 2 qubits, one acting as a control qubit and the other one as a target. If

the control qubit is on 0, the target is not modified, otherwise, a NOT boolean function acts

on the target

if control = |0⟩ then Utarget = I

else Utarget =

0 1

1 0



|x⟩ • |x⟩
|y⟩ |x⊕ y⟩

Where we can see that the control bit is unperturbed. The previous circuit can also be

defined in operator form and matrix form, where ⊕ is the XOR operation and the basis is
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{|x⟩ |y⟩ ;x, y = 0, 1}

CNOT |x⟩ ⊗ |y⟩ = |x⟩ ⊗ |x⊕ y⟩ , (2.3.25)

CNOT =

 I ∅

∅ X

 =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


. (2.3.26)

Combining this gate with a previous Hadamard gate for the control bit can yield the

simplest circuit to generate entanglement:

|0⟩ H •

|0⟩

That produces the output

|0⟩ ⊗ |0⟩ −−→
H⊗I

1√
2
(|0⟩+ |1⟩)⊗ |0⟩ −−−−→

CNOT

1√
2
(|0⟩ ⊗ |0⟩+ |1⟩ ⊗ |1⟩) = 1√

2
(|0⟩ |0⟩+ |1⟩ |1⟩)

(2.3.27)

C-U Gate (CU)

The previous concept can be generalized to any unitary operator U, using a control (C) qubit

that decides whether that operator will be applied or notations. C-NOT is a particular case

of this gate

CU =

 I ∅

∅ U

 =



1 0 0 0

0 1 0 0

0 0 u11 u12

0 0 u21 u22


. (2.3.28)

As a block diagonal matrix, the product of the matrix with its Hermitian conjugate results

in the identity matrix. This type of block matrix typically arises when the transformation

affects only one of the two qubits. Specifically, in this case, when the first qubit is in the |0⟩
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state, the transformation applied to the second qubit is the identity operation for all control

gates. However, this is not generally the case for all control gates.

RZZ Gate

The RZZ gate is a two-qubit quantum gate that implements a rotation around the ZZ

axis of the Bloch sphere. It is particularly significant in the context of quantum simulations

of Ising models, as it directly corresponds to the Ising interaction term between spins in a

quantum system. The RZZ gate is defined by the unitary operator

URZZ(θ) = e−iθσz⊗σz , (2.3.29)

where σz denotes the Pauli-Z matrix, and θ is the angle of rotation. The action of the RZZ

gate on a two-qubit state can be described as adding a phase of θ only when both qubits are

in the state |1⟩. This characteristic makes it suitable for modeling interactions where the

energy penalty is based on the alignment of spins in the quantum Ising model.

The matrix form of the RZZ(θ) gate is

RZZ(θ) =



e−iθ 0 0 0

0 eiθ 0 0

0 0 eiθ 0

0 0 0 e−iθ


(2.3.30)

This representation shows that the RZZ gate applies a phase shift of −θ to the |00⟩ and

|11⟩ states, and a phase shift of +θ to the |01⟩ and |10⟩ states, which corresponds to the

conditional phase shift based on the simultaneous states of the two qubits involved.

This gate is not essential when presenting the main gates, but, the RZZ gate plays

a considerable role in variational quantum algorithms, such as the Quantum Approximate

Optimization Algorithm (QAOA), where it is used to entangle qubits and steer the quantum

state towards an optimal solution of combinatorial optimization problems modeled by Ising-

type interactions.
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2.3.3 Gate Fidelity

Gate fidelity measures the precision with which quantum gates are implemented. High gate

fidelity is essential to ensure that the quantum state manipulations conform closely to theo-

retical models, thus avoiding cumulative errors in computations. On the other hand, readout

accuracy is crucial at the end of quantum operations to ensure that the qubit states are mea-

sured correctly. Inaccuracies in readout can lead to misinterpretation of the computational

outcomes, undermining the reliability of the quantum computer.

2.3.4 Cross-talk

Connectivity refers to how effectively qubits within a quantum system can interact with one

another. Enhanced connectivity reduces the need for intermediary qubits in multi-qubit op-

erations, thereby improving the speed and efficiency of quantum gate operations. However,

increased connectivity can also lead to higher cross-talk, where unintended interactions be-

tween qubits occur. Such interactions can introduce errors and disrupt the intended quantum

operations.

2.4 Quantum Computing Principles

Once the building blocks have been introduced, we must address the peculiarities of quantum

computing, both its strengths and weaknesses.

2.4.1 Quantum Paralelism

Quantum parallelism is the phenomenon that allows quantum computers to evaluate a func-

tion f(x) for many different values of x simultaneously. This is accomplished by preparing

a superposition of quantum states representing different inputs and applying a quantum

operation that encodes the function.

Consider a simple function f : {0, 1} → {0, 1}. It will be evaluated using a quantum
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circuit for both possible inputs simultaneously. The circuit uses two qubits, one for the input

and one as an ancilla (helper qubit) to store the output. f(x) can be any simple operation,

such as the NOT operation, where:

|0⟩ H • H (H · Cf ·H) |0⟩

|0⟩ f(x) output

While this example might seem trivial, it highlights one of the unique aspects of quantum

computing: the ability of superposition to facilitate massive parallel computation. The

challenge then becomes designing transformations that are applicable and beneficial for our

specific scenarios.

2.4.2 Quantum Entanglement

Quantum entanglement is a unique property of quantum systems where the quantum states

of two or more particles become intertwined such that the state of one particle cannot

be described independently of the state of the others. This phenomenon has profound

implications for quantum computing.

In an entangled system, the measurement of one particle instantaneously affects the

state of the other, regardless of the distance between them. This non-local characteristic

is characteristic of quantum computing, enabling powerful computational techniques that

are unattainable by classical means. For example, entanglement is essential for quantum

algorithms like Shor’s algorithm [6] for factoring large numbers and Grover’s algorithm [31]

for searching unsorted databases.

2.4.3 Quantum Adiabatic Theorem

In simple terms, the Quantum Adiabatic Theorem (QAT) states that, given a system in

its ground state, if a change in the system conditions (change of the Hamiltonian) happens

slowly enough, the system will adapt and stay in the ground state of the new conditions.
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For the theorem to be true, we need to impose both ground states to be non-degenerate.

Formally, consider at any instant of time the equation

H(t) |n(t)⟩ = En(t) |n(t)⟩ . (2.4.1)

For a given instant of time, if it was a constant Hamiltonian

|ψ(t)⟩ =
∑
n

cn(t)ϕn(t) ϕn(t) = ϕn(0)e
−iEnt

ℏ , (2.4.2)

where {ϕn(0)} are the eigenstates that result from a constant application of the Hamiltonian

defined at a time ”t”. This means that, for any instant, we solve the time independent

Schrödinger Equation. In other words

|n(t)⟩ = |ϕn⟩ For the n-th eigenstate of the Hamiltonian at time ”t” , (2.4.3)

|m(t)⟩ = |ϕm⟩ For the m-th eigenstate of the Hamiltonian at a time ”t” , (2.4.4)

⟨m(t)|n(t)⟩ = 0 ∀n,m (2.4.5)

It can be shown that, if no degeneracy is found in between states and the term En(t)−

Em(t) (at any time t) is small enough compared to H(t), so defining how slow we should

perform the change to be adiabatic. Setting the starting point of this process to any state

such that cn(0) = 1 and the other states, by probability normalization, cm(0)∀m,m ̸= n

|Ψ(t)⟩ = eiγn(t)eiθn(t) |n(t)⟩ (2.4.6)

So if the process starts in the n-th eigenstate, it finishes in the n-th eigenstate of the new

system, given that the conditions of small changes are fulfilled. In particular:

|Ψ(t)⟩ = eiγ0(t)eiθ0(t) |0(t)⟩ (2.4.7)

Meaning that starting in the ground state of a known system, and performing the tran-

sition, we are in the ground state of the new system [32].
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This process can be used to solve problems of a certain type. By evolving a quantum

state using a Hamiltonian representing a binary problem, we can obtain the solution encoded

as the ground state of the new Hamiltonian. However, for this method to be effective, certain

conditions must be met: the evolution must be sufficiently slow to remain adiabatic, and

there must be a sufficiently large energy gap between the ground state and excited states.

The practical implementation of Quantum annealing is beyond the scope of this work [33].

This theorem is also important when explaining the inner workings of the QAOA algo-

rithm, which will be crucial for the development of this work.

2.4.4 Error Mitigation Techniques

To ensure that all the previous properties are effectively managed, a variety of correction

techniques are employed in quantum computing. These techniques are designed to enhance

the overall performance of quantum systems by reducing or compensating for the errors

that can accumulate during quantum operations. It is of extreme importance now that it is

considered the main problem of current quantum computing [34].

Decoherence

Decoherence is a major challenge in maintaining the integrity of quantum information. It

arises from the unwanted interaction of qubits with their environment, leading to a loss

of quantum coherence. This phenomenon can be understood in circuit terms as introduc-

ing ’noise’ into the circuit, which disrupts the intended operation of quantum gates and

algorithms. This phenomenon limits the extent of our computations. High coherence is cru-

cial for performing accurate quantum computations, as it ensures that superpositions and

entanglements, fundamental for quantum operations, are maintained over time.

Techniques to extend coherence time include using materials with inherently low noise

characteristics, implementing dynamic decoupling sequences to counteract decoherence ef-

fects, and operating quantum circuits at ultra-low temperatures to reduce thermal noise.
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Dynamic decoupling involves applying a series of precisely timed pulses to the qubits

during quantum operations. One of the main goals of these pulse sequences is refocusing the

qubit state by effectively averaging out the effects of environmental noise over time. The

idea is to apply control pulses that flip the qubits at intervals short enough to preclude the

environment’s influence from accumulating to a critical, coherence-destroying level. Another

interpretation for these pulses can be thought of as creating a temporal filter that modulates

the interaction between the qubit and its environment. By choosing appropriate timings and

intervals, specific types of environmental noise can be selectively filtered out, similar to how

noise-canceling headphones work.

Transpilation

As it has been mentioned, gate fidelity and cross talk prevention are factors to take

into account. To prevent wrong results, our implementation needs to be aware of possible

conflicts. That is where transpilation [35] comes into play, by substituting some gates with

more simple, hardware-familiar ones, a careful physical layout of the qubits is applied. Ap-

plying delays to certain qubits and precise control of the timing and strength of interaction

pulses has been proven to make quantum computing more fault-tolerant [36].

2.4.5 Logical Qubits

Logical qubits are formed by entangling multiple physical qubits to create a redun-

dant encoding of information. This redundancy allows the system to detect and correct

errors autonomously. For example, the surface code, one of the most promising QEC codes,

uses a two-dimensional grid of qubits where error syndromes are detected by measuring the

parity at the vertices of the grid. This approach allows for the correction of errors as they

occur without needing to know the state of individual qubits, thereby preserving quantum

information. This seems to be one of the main approaches looked forward to and is

on IBM’s roadmap [37].
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2.4.6 Error Mitigation Algorithms

These algorithms are used to estimate and correct errors post-computation. Unlike QEC,

which corrects errors during computation, software-level techniques adjust the outcomes

based on statistical models of the errors. Techniques such as zero-noise extrapolation,

probabilistic error cancellation, and virtual distillation are used to enhance the accuracy

of quantum computations by extrapolating the error-free outcome from multiple noisy mea-

surements.

2.5 Quantum Systems Representing Qubits

The physics behind each qubit implementation is well beyond the scope of this thesis, so

an accurate but succinct explanation will be made. The main concern of this thesis is

the superconducting qubits, and the other implementations will be briefly mentioned.

The main comparison between implementations is coherence time and error mitigation

techniques.

2.5.1 Superconducting Qubits

From when Kamerlingh Onnes observed how the conductivity of metals disappeared com-

pletely in small temperatures close to 0 degrees Kelvin, and the complete disappearance of

resistance proven with persistent currents in superconducting rings, showing perfect conduc-

tivity [38]. Two types of superconducting materials, based on their reactivity to magnetic

fields, can be found. Type I is formed by elemental superconductors that require temper-

atures close to 0 Kelvin for perfect conductivity to appear, whereas type II is made up of

alloys that show these properties at higher temperatures (still below 0ºC).
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Underlying Principles

There can exist bound electron pairs in a degenerate Fermi gas (such as those found in

metals) despite the innate repulsion between them, named Cooper pairs [39]. When two

superconductors are placed beside each other (insulated or not) and both are defined by

wave functions differing on a phase ϕ, these pairs experiment and flow.

Since Kamerlingh Onnes first observed the phenomenon of superconductivity in 1911,

where the electrical resistance of metals dropped abruptly to zero at temperatures close

to absolute zero, the field of superconductivity has seen significant advancements. Onnes

discovered that at these extremely low temperatures, metals not only lost their resistivity

but also demonstrated the ability to maintain electrical currents indefinitely, evidenced by

persistent currents in superconducting rings. This property, known as perfect conductivity,

underscores the revolutionary nature of superconductors [38].

Superconducting materials are broadly classified into two types based on their response

to applied magnetic fields. Type I superconductors, typically elemental metals, exhibit

superconductivity at temperatures very close to 0 Kelvin and are characterized by a sharp

transition from superconducting to a normal state upon reaching a critical magnetic field

strength. This transition is due to their complete expulsion of magnetic fields (known as the

Meissner effect) when in the superconducting state. In contrast, Type II superconductors,

which are primarily made up of metallic alloys or complex oxides, operate at relatively higher

temperatures (though still below 0°C). These materials allow magnetic fields to penetrate

in quantized units of flux called vortices, between two critical field strengths, Hc1 and Hc2,

thereby entering a mixed or vortex state without losing their superconducting properties.

This allows them to be applied to cases where a certain magnetic field could be present.

The concept of Cooper pairs is central to understanding the microscopic mechanism of

superconductivity in Type I and Type II materials. These pairs consist of bound electron

pairs within a degenerate Fermi gas, despite the natural repulsion between electrons. The

pairing occurs due to an attractive interaction mediated by lattice vibrations or phonons,
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Figure 2.4: Classical LC Circuit in which the Josephson Junction is modeled, introducing a

non-linear dependence on ϕ.

leading to the formation of a macroscopic quantum state that can carry electric current

without resistance [39].

When two superconductors are juxtaposed, whether insulated from each other or not,

and their macroscopic wave functions are characterized by a phase difference ϕ, an inter-

esting phenomenon occurs. These Cooper pairs can tunnel between the superconductors

through a Josephson junction, a process governed by the phase difference between their

wave functions. This quantum tunneling leads to the Josephson effect, wherein a supercur-

rent (a current made entirely of Cooper pairs) flows between the superconductors without

any applied voltage, depending solely on the phase difference ϕ [40].

Implementation

The implications are many, but among them, we find the unusual scenario where a micro-

scopic effect can be seen in a macroscopic system. Suppose we relate the components of an

LC circuit where to be related with kinetic energy (for the capacitor) and potential energy

(for the inductor). This is a coherent approach because the solution for the time-independent

Schrödinger Equation

|ψ(t)⟩ = e
−iĤt

ℏ |ψ(0)⟩ (2.5.1)

Reminds us of the solution of a linear system defined by a circuit. It can be proven [41]

that the energy of the circuit is
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However, this creates a harmonic oscillator energy spectrum, with lots of unwanted,

accessible, and equidistant excited states that handicap our computational basis as seen in

Figure 2.5a. Adding a non-linearity dependent on the phase can be done using a Josephson

Junction, which leads to

H = 4ECn
2 +

1

2
EJcos(ϕ) , (2.5.5)

where the new EC has been adjusted for the introduction of the junction. This leads to

the energy distribution seen in Figure 2.5b, where the energy levels can be modified (by

adjusting ω01 and ω12 and creating a computational basis.

In transmon qubits, type of superconducting qubits The ratio EJ

EC
is typically much

larger in transmon qubits than in other types of superconducting qubits. High EJ

EC
ratios

lead to energy levels that are not equidistant, reducing sensitivity to charge noise while

maintaining sufficient anharmonicity to define qubit states.

IBM

As of the current date [37], the biggest accomplishment from IBM has released the Heron,

a modular processor of 133 qubits that can be coupled with others of its same kind. Said

machine will be called IBM Quantum System Two and will debut in 2024. It is considered

a breakthrough because it will be able to execute 5000 gates within coherence time.

Also, the release of IBM Quantum System Two [42] represents a significant advancement

in quantum computing by introducing a modular architecture aimed at enhancing scala-

bility. This new system is designed to connect multiple quantum processors into a unified
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(a) Energy spectrum of the linear LC circuit

with equidistant distances.

(b) Energy spectrum when Josephson Junc-

tion is applied.

Figure 2.5: Energy Spectrum comparison between different circuits. To the left, is an equidis-

tant spectrum where the distances between each energy level cannot be independently mod-

ified. To the right, The Josephson Junction allows to separate energy states and create a

computational basis. Extracted from [41].

platform through high-speed communication links, which allows for the aggregation of quan-

tum computational power. By leveraging this modular approach, IBM aims to significantly

expand computational capabilities and address the scaling challenges typically associated

with increasing qubit counts.

The IBM Quantum System Two is not only about hardware advancements; it also inte-

grates improvements in quantum software that target error correction and noise mitigation

[42]. These enhancements are critical for the practical application of quantum computing,

as they help to improve the reliability and performance of quantum operations, essential for

executing complex algorithms and computations.

Moreover, IBM’s roadmap includes plans to scale up their systems to more than 4,000

qubits by 2025 [42], further emphasizing their commitment to developing quantum-centric
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supercomputing. This evolution suggests a future where quantum and classical systems

are more seamlessly integrated, enhancing the overall capability and utility of quantum

computing technologies. This approach is not proven to be the most effective, and regularly,

papers are published attempting to IBMs developments [43].

D-Wave

D-Wave Systems specializes in quantum annealing, a quantum computing approach designed

specifically for solving optimization problems. In their implementation, they also use super-

conducting qubits [44] proving that qubit architecture and quantum computer architecture

are different aspects. Unlike general-purpose quantum computers, D-Wave’s machines use a

type of quantum processing that leverages quantum tunneling and energy landscape manip-

ulation to find the minimum energy configuration of a problem, which corresponds to the

optimal solution. This makes D-Wave’s technology particularly suitable for applications such

as logistics, finance, and materials science where optimization is key. The inner workings of

its systems are unknown [45] [46], but the physics behind it is based on the QAT.

2.5.2 Other Implementations

Aside from superconducting qubits, several other technologies are being explored for imple-

menting qubits:

• Trapped Ion Qubits: These use ions as qubits, trapping [47] them using electromag-

netic fields and manipulating their quantum states with lasers.

• Topological Qubits: These are based on quasi-particles called anyons [48], whose

world lines form braids in three-dimensional space, providing a way to encode infor-

mation topologically protected from local perturbations.

• Photonic Qubits: Utilize the properties of photons to perform quantum computa-

tions [49], notably using properties such as polarization, frequency, phase, and orbital
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angular momentum.

• Quantum Dots: Quantum dots function as artificial atoms, with discrete electron

energy levels that can be finely tuned by adjusting the size and shape of the dot

[50]. Quantum dot-based Kitaev chains propose a platform where Majorana modes

can be simulated and observed without a true topological phase. The adaptability of

quantum dots allows for precise control over the quantum state, facilitating the study

of Majorana bound states through direct experimental setups [51].

Comparing all the previous technologies, we point that:

• Coherence Time: Superconducting qubits typically offer microseconds to millisec-

onds, while the latest ion trap technology extends coherence times significantly, reach-

ing up to a minute [52].

• Gate Fidelity: Superconducting qubits have seen improvements in gate fidelity, but

ion trap qubits generally provide higher fidelity due to their longer coherence times

and more isolated quantum states.

• Scalability: Superconducting qubits are currently more scalable in terms of qubit

count, as demonstrated by IBM’s developments. However, ion trap qubits, with ad-

vancements in microfabrication and control technology, are rapidly closing the gap

[53].
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CHAPTER 3

VARIATIONAL QUANTUM ALGORITHMS

In this chapter, the practical applications of the theoretical principles previously dis-

cussed are explored. We examine some of the most well-known algorithmic approaches for

problem-solving in quantum computing. The primary focus of this thesis is on a subgroup

of quantum algorithms known as Variational Quantum Algorithms (VQAs), a subclass that

leverages the power of quantum computers in conjunction with the well-established algo-

rithms of classical computers. This focus is motivated by the current developmental stage

of quantum computers, which necessitates the use of more robust and noise-tolerant algo-

rithms. VQAs are particularly advantageous in this regard, as they reduce the number of

quantum computations required, thereby increasing noise tolerance by maintaining more

classical computations. Approaching problems with a combination of both quantum and

classical methods has been shown to yield the best results, as suggested in numerous studies

[54, 55, 56].

We address some fundamental algorithm theory in Section 3.1 to define the importance

of efficient optimization algorithms in Section 3.2. Focusing on VQAs and their properties in

Section 3.3 to fully define the algorithm at the center of this work, the QAOA in Section 3.4.

3.1 Algorithm Theory

To assess the efficiency of algorithms, we employ notations that describe their performance

across different cases. Here are the most commonly used notations:

• Big O Notation (O): Describes the upper bound of the algorithm’s runtime or space

requirements, ensuring that the algorithm does not perform worse than this boundary
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in the worst case.

• Big Omega Notation (Ω): Provides a lower bound, representing the best-case sce-

nario for the algorithm’s performance.

• Big Theta Notation (Θ): Defines both the upper and lower bounds, used when an

algorithm’s runtime is tightly bounded by the asymptotic function.

• Little o Notation (o): Similar to Big O but excludes the exact bound, indicating a

non-inclusive upper bound.

These complexities help when comparing classical and quantum algorithms, particularly

in highlighting the quantum speed-up achievable through algorithms that promise quantum

supremacy.

3.1.1 Polynomial vs. Exponential Time Algorithms

It’s crucial to understand the distinction between polynomial and exponential time algo-

rithms. This distinction is the foundation of the computational complexity theory and

highlights the potential impact of quantum computing.

Polynomial Time (P)

Algorithms that run in polynomial time, also called deterministic algorithms, have their run-

ning time growing at most as a polynomial function of the input size. Formally, an algorithm

is a polynomial time if its running time is upper bounded by a polynomial expression in the

size of the input for the algorithm, that is O(nk) (also seen as O(poly(n)) where the maxi-

mum degree would be the k-th degree)for some constant k. Problems solvable in polynomial

time are considered tractable or efficient.

This category is broadened by adding asymptotical limits such as O(1) (equivalent to

k = 0 and O(nklogm(n)) as the logarithm function can be bounded by polynomials.
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Nondeterministic Polynomial Time (NP)

Although there exists a whole time-hierarchy complexity theory (involving PSPACE, ...)

we will base ourselves on the basic notation of P, NP, and NP-hard, NP-complete. The

problems that belong to this category are those that, if a solution is given, can be verified in

polynomial time, but we lack an algorithm that solves it in polynomial time. It follows that

P ⊆ NP , and of the million dollar problems is if P = NP [57]. By NP-hard problems we

understand those that are the hardest to solve, and that all other NP-hard problems can be

transformed into it (in a polynomial time conversion). And if a problem is NP and NP-hard

means it is NP-complete. Generally, to solve NP-Hard problems we require exponential time

algorithms, which have running times that grow exponentially with the input size, typically

expressed as O(2n) where n is the input size. These algorithms become infeasible even for

relatively small input sizes due to the dramatic increase in computations required.

Implications for Classical vs. Quantum Computing

In classical computing, many problems, especially those of high interest, belong to the NP-

hard group, and currently have no known polynomial-time solutions and are only solvable

in exponential time with the algorithms available today. This includes many cryptographic

algorithms, optimization problems, and more.

Quantum computing introduces a paradigm shift here. Quantum algorithms, such as

Shor’s algorithm [6] for integer factorization, promise significant speed-ups over its best-

known classical counterparts, converting an exponential difficulty problem into a polynomial

one [58] [6].

Relevance

In considerably small cases, there is no visible improvement between a polynomial time

algorithm with a very large constant multiplier and an exponential one. However, increases

in problem size make evident the importance of asymptotic limits, such as seen in Figure 3.1.

41



0 5 10 15 20
0

200

400

600

800

1,000

Input Size (n)

R
u
n
n
in
g
T
im

e

Comparison of Polynomial vs. Exponential Growth

Polynomial n2

Exponential 2n

Figure 3.1: Comparison between a Polynomial time and an Exponential time algorithm. For

sufficiently small cases, the coefficient of the polynomial determines which method is best.

However, as the problem increases in size, the difference between both asymptotical limits

becomes evident.

3.2 Optimization Problems

Optimization problems, specifically of combinatorial nature [59], can be characterized by

the following:

• Objective Function: Is the mathematical expression that assigns a value to every

possible solution and measures the goodness of one solution with respect to other ones.

These functions can be maximized or minimized, and have local maxima/minima,

values that are optimal in a small region, and global maxima/minima, the optimal

value of the function over the valid solution space. Symmetries in said functions will

also affect these regions [60].

• Solution Space: Is the space composed of all the possible solutions to the problem.

All the combinatorial problems in this thesis consist of binary variables, therefore the

solution space is conformed by all the possible combinations of 1s and 0s of each binary
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variable. In that sense, the solution space is the set of all possible binary strings of

length n, being n the number of variables.

• Constraints: Sometimes not all solutions are feasible, meaning that in the search

space, there are combinations of 1s and 0s that go against the nature of the problem.

For example, a problem where a node can have 2 possible colors, coded as (1, 0) if

a node has color A or (0, 1) if a node has color B. Combinations (0, 0) and (1, 1)

are technically possible, but would be invalid. Thus, a constraint is defined to avoid

undesired solutions, defining then a valid solution space [61].

3.3 Quantum Variational Eigensolvers

This family of methods describes how problems are interpreted as operators and their interest

is found in its eigenstates [62]. In our case, the problem is an energy state’s definition using

a Hamiltonian, and the energy of the ground state is to be found [63], with the smallest

eigenvalue (energy). It can be seen as a minimization optimization problem where the

objective function is the expectancy of the energy. To define a solution space, parameters

(θ1, ..., θm) are defined and a minimization of the objective function E(θ) takes place. More

formally

⟨ψ(θ)|ψ(θ)⟩ = 1 , (3.3.1)

E(θ) = ⟨ψ(θ)|H |ψ(θ)⟩ . (3.3.2)

Assuming a discrete spectrum for the energies, which will always be our case given the

combinatorial nature of the selected problems, it can be proven that, for any |ψ⟩, given the

orthonormal basis of the operator H |ϕi⟩ = λi |ϕi⟩ and a ground state such that λ0 ≤ λ,∀λ ∈

Spec(H)
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Eψ = ⟨ψ|H |ψ⟩ (3.3.3)

=
∑

λ1,λ2∈Spec(H)

⟨ψ|ϕλ1⟩ ⟨ϕλ1|H |ϕλ2⟩ ⟨ϕλ2|ψ⟩ (3.3.4)

=
∑

λ∈Spec(H)

⟨ψ|ϕλ⟩λ ⟨ϕλ|ψ⟩ (3.3.5)

≥ λ0
∑

λ∈Spec(H)

| ⟨ψ|ϕλ⟩ |2 = λ0 , (3.3.6)

where we have defined an orthonormal basis as H is Hermitian, and ⟨ϕi|ϕj⟩ = δij and∑
λ∈Spec(H) | ⟨ψ|ϕλ⟩ |2 are the components of |ψ⟩, squared, in the orthonormal base, and as it

is a normalized state, it yields 1.

Then we have found a lower boundary for the energy expectancy of the problem Hamil-

tonian, and E(θ) = E0 ⇐⇒ |ψ(θ)⟩ = |ϕ0⟩. Then formalizing a problem as a Hamiltonian

whose energy spectrum is the costs of different solutions (eigenstates) can be of interest.

Here sets the foundation for optimization, establishing that a minimum exists and that find-

ing the correct parameterization is required. As discussed in previous sections, factors such

as noise and decoherence significantly impact our computations. Variational algorithms in-

volve fewer quantum computations compared to fully quantum algorithms, making them

relatively more noise-tolerant [54]. It is important to note that the solution space (ansatz

space) defined by our parameterization is crucial, as it must enable us to explore the state

of minimum energy. However, the general method does not provide specific guidelines on

constructing the parameterization. This is where the primary method used in this thesis,

the Quantum Approximate Optimization Algorithm (QAOA), becomes relevant, offering a

structured approach to parameterization.

3.4 Quantum Approximate Optimization Algorithm

Regarding VQAs to solve combinatorial problems, QAOA has been proven to be the most

effective among them [65]. The process of applying QAOA can be divided as follows:
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Figure 3.2: A comprehensive flowchart of the QAOA executing found in [64]. From the

problem encoding of a graph toHC , through the loop that updates the parameters optimizing

them.

3.4.1 Problem Encoding

The initial step in QAOA involves encoding the combinatorial problem into a Hamiltonian

Hp, whose ground state represents the optimal solution. The quality of this encoding di-

rectly impacts the algorithm’s efficiency and effectiveness [66]. This Hamiltonian in binary

variables represents the cost of each solution and orders them in terms of quality. The

quality (cost) function is usually a quadratic function for applicability to multiple quantum

implementations.

For example, proposing the cost function f(x) = x1 + 3x2 + 2x3, where xi are binary

variables that represent if an element is in the bag (1) or not (0). It can be interpreted as

presenting 3 items to be placed in a bag; each with a given value, 1, 2, and 3 respectively.

This is the first part of problem encoding and it is translating the problem into a set of

keys (solutions) and values (cost), and a (cost) function that gives value to each key. They

must have a specific form so they can be translated into quantum problems. In this thesis,

a focus on quadratic binary problem formulations is made, which can be translated into the
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following forms depending on the specific solving method:

• Quadratic Unconstrained Binary Optimization (QUBO): This approach frames

the problem in terms of binary variables, making it suitable for direct implementation

into quantum hardware. This implementation will depend on the used backend. If the

problem is constrained, penalization terms can be added to simulate their behavior, and

then the problem is treated as unconstrained with terms weighted by some multipliers

(Lagrangian Multipliers [67]). In the previous example, if only 2 objects can be placed

in the bag, the constraint would be x1 + x2 + x3 = 1, and the penalty term would be

added as λ(x1 + x2 + x3 − 1)2 where λ is the Lagrange multiplier.

• Ising Model: Using the change of variables: xi =
1+zi
2

we exchange values xi ∈ {0, 1}

for zi ∈ {−1,−1} corresponding to the eigenvalues of the Pauli Z matrix. The reason

behind this is, using the example, that now:

f(z) = 3 +
z1 + 3z2 + 2z3

2
+
λ

4
(1 + z1 + z2 + z3)

2 (3.4.1)

H(Z) = − (λZ1 ⊗ Z2 + λZ1 ⊗ Z3 + λZ2 ⊗ Z3) (3.4.2)

−
((

1

2
+ λ

)
Z1 +

(
3

2
+ λ

)
Z2 + (1 + λ)Z3

)
(3.4.3)

+ (3 +
3λ

4
) (3.4.4)

Note that variables with possible values -1 and 1, when squared, they become constant

values. The operators Zi ⊗ Zj are a simplified way to express I1 ⊗ ...Ii−1 ⊗ Zi ⊗ Zj ⊗

Ij+1...In. Now our problem has been translated to a quantum system with a defined

Hamiltonian.

This model, theoretically, allows for higher degrees than 2 as a generalization of the

Ising form, and in QAOA, as each of these terms will correspond to Z gates on the

involved i, j, ... variables, it could be implemented. This is the field of HUBOs and is

out of the scope of this thesis [68].
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3.4.2 The algorithm

The Quantum Approximate Optimization Algorithm (QAOA)[12] is a hybrid method for

solving combinatorial problems. It follows the same principle as the VQAs but the parametriza-

tion is restricted to the Hamiltonian of the problem and a mixer operator, allowing this block

of operators to be repeated p times. Its principal concepts blocks are:

• Initial State: It can be modified and adjusted in different ways to allow a faster

convergence. As a general convention and for simple cases, a state in complete super-

position is provided such as

|0⟩0 H

... H

|0⟩n−1 H

The evolution of this state, applying unitary evolutions of Hamiltonians as circuits, is

how we find the solution to the problem.

• Variational Form: VQAs allow for any parameterized circuit, but for the QAOA the

Hamiltonian’s evolution is applied. More specifically, we apply e−iγHp where Hp is the

definition of the problem using Pauli gates. This structure is fully dependent on the

problem and unique for each problem case.

As any problem will be translated into the Ising Model in this work, the relevant terms

of the objective function will be Zi terms and Zi ⊗ Zj, and their evolutions will be

translated to RZ gates to the i-th qubit and RZZ gates applied to the i-th and j-th

qubit, previously defined in Chapter 2.

• Mixer Operator: To offer a more general approach, a mixer Hamiltonian can be

introduced, even parameterized, to the algorithm. This operator is said to be defined

by a mixing Hamiltonian Hm and is applied as e−iβHm . In some variations of the

algorithm, this mixer plays a determining part either by having a predefined form
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given by a classical approximation [69], preserving constraints [70], or more complex

forms [71].

With the building blocks have been defined, the algorithm is given by the following

operator:

U(β, γ) = e−iβpHme−iγpHp . . . e−iβpH1e−iγpH1 (3.4.5)

Using a total of 2p operators, where p is a hyperparameter, representing the depth of

the circuit, chosen by the fitness of results and real-world NISQ-circuits depth limitations.

3.4.3 Motivation

The time evolution of a system is governed by the time evolution operator:

U(t) = e−iHt (3.4.6)

However, when the Hamiltonian is composed of a sum of multiple Hamiltonians that

generally do not commute with each other, the Trotter-Suzuki formula provides a method to

apply this sum in a manner that achieves the desired time evolution. This is accomplished

using the following approach

U(T ) = e−i(H1+H2)t (3.4.7)

≊
p∏
p=1

(e−iH1∆te−iH2∆t) . (3.4.8)

Choosing an appropriate p so that T = p∆t and p big enough so the transition is consid-

ered slow, we can justify
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H(t) =
T − t

T
Hm +

t

T
Hp , (3.4.9)

U(t) ≊
p∏
p=1

(e−i
T−t
T
Hm∆te−i

t
T
Hp∆t) (3.4.10)

=

p∏
p=1

(e−iβpHme−iγpHp) . (3.4.11)

By this transformation, where the parameters are optimized classically, we can achieve

a discretized version of the Quantum Adiabatic Theorem [32]. This is not a rigorous proof,

but rather a motivation of this process.

3.4.4 Cost Function

The form of the cost function has a direct effect on the efficiency of the algorithm. Two

equivalent Hamiltonians can be presented in different forms, for example, one simplified

compared to the other one [72].

3.4.5 Optimizers

As the cost function is minimized classically, an optimizer is defined to compute the steps that

the parameters will take [73]. The choice of this optimizer, depending on the cost function’s

form is a critical aspect of the algorithm, as some optimizers work well, for example, finding

global minima when there are lots of local minima, and others don’t.

3.4.6 Add-ons

Warm-start

Warm-start [74] is a method inspired by constraint relaxation of problems that allows for

continuous variables to be defined in our binary problem that then will equate to probabilities

of each qubit in the initial state. We now set a different initial state that a set of Hadamard

gates applied to |0⟩n as
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|ϕ(0)⟩ =
n−1⊗
i=0

Ry(θi) |0⟩n , (3.4.12)

θi = 2arcsin
√
χi , (3.4.13)

where Ry(θi) is a rotation around the y-axis of the Bloch sphere by an angle θi. χi is the

relaxed solution of the problem used as a warm start.

As the operator for Ry(θi) is

Ry(θi) =

cos(θi/2) − sin(θi/2)

sin(θi/2) cos(θi/2)

 , (3.4.14)

where if we now substitute our formulas for the θi we get

Ry(θi) =

√
1− χi −√

χi
√
χi

√
1− χi

 . (3.4.15)

Thus the initial state after the transformation is

|ϕ(0)⟩ =
n−1⊗
i=0

(√
1− χi |0⟩+

√
χi |1⟩

)
, (3.4.16)

so the probability of obtaining a 1 in the i-th qubit is χi, relating in some way the solution of

the relaxed problem with the initial state of the QAOA algorithm. When using this strategy,

the initial state must be the ground state for the mixer Hamiltonian, as in the Adiabatic

execution. Proving that the following Hamiltonian has as the ground state the initial state

|x⟩n = |ϕ(0)⟩

H
(ws)
M,i =

 2χi − 1 −2
√
χi
√
1− χi

−2
√
χi
√
1− χi 1− 2χi

 . (3.4.17)

Now we apply it to the initial state and it yields, for a single qubit:
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H
(ws)
M,i |ϕ(0)⟩ =

 2χi − 1 −2
√
χi
√
1− χi

−2
√
χi
√
1− χi 1− 2χi


√

1− χi
√
χi

 , (3.4.18)

=

2χi
√
1− χi −

√
1− χi − 2χi

√
1− χi

−2
√
χi + 2

√
χiχi +

√
χi − 2

√
χiχi

 = −

√
1− χi
√
χi

 . (3.4.19)

This state, for each qubit, represents an eigenstate of the mixer Hamiltonian with an

eigenvalue of -1. Given that the determinant of a matrix is the product of its eigenvalues,

we can deduce that the determinant of this matrix is 1, indicating that the other eigenstate

has an eigenvalue of 1. Thus, our initial state corresponds to the ground state of the mixer

Hamiltonian. It can be rewritten in its diagonal form as

H
(ws)
M,i =

√
1− χi −√

χi
√
χi

√
1− χi


−1 0

0 1


√

1− χi
√
χi

−√
χi

√
1− χi

 , (3.4.20)

and expressed as an application e−iβH
(ws)
M,i yields

e−iβH
(ws)
M,i =

√
1− χi −√

χi
√
χi

√
1− χi


eiβ 0

0 e−iβ


√

1− χi
√
χi

−√
χi

√
1− χi

 (3.4.21)

= Ry(θi)

eiβ 0

0 e−iβ

Ry(−θi) , (3.4.22)

where substituting

Rz(θ) =

e−iθ/2 0

0 eiθ/2

 , (3.4.23)

yields the final expression for the mixer Hamiltonian

H
(ws)
M,i = Ry(θi)Rz(−2β)Ry(−θi) . (3.4.24)
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An important requirement for this method is that the cost and mixer Hamiltonians must

not commute, meaning that both have the same basis of eigenstates. If that is to happen,

the algorithm tends to get stuck into less optimal solutions.

Parametrization of Gammas and Betas

A parallel approach to improve the algorithm is to propose a parametrization of the gammas

and betas aiming to improve the QAOA ansatz generated. The optimized parameters are

then ”u”s and ”v”s which define a possible subset of the possible values and, as seen in [72],

can improve results.

We introduce the Fourier parametrization method described in [72]. This approach aims

to improve the parameterization by using a Fourier series representation for the parameters.

The cost function for the QAOA, which estimates the energy of a given solution, is defined

as

E(β,γ) = ⟨ψ(β,γ)|Ĥ|ψ(β,γ)⟩ , (3.4.25)

where β and γ are the parameters of the ansatz, and Ĥ is the Hamiltonian of the system.

The Fourier parametrization is introduced to redefine these parameters using a Fourier series

as follows

γi =

q∑
k=1

uk sin

((
k − 1

2

)(
i− 1

2

)
π

p

)
, i = 1, 2, . . . , p , (3.4.26)

βi =

q∑
k=1

vk cos

((
k − 1

2

)(
i− 1

2

)
π

p

)
, i = 1, 2, . . . , p , (3.4.27)

where uk and vk are the Fourier coefficients, q is the number of these coefficients, and p is

the number of repetitions (depth) of the QAOA circuit.

With this extra step of computing the value that we desire to optimize we leverage the

periodic nature of the trigonometric functions to provide a more compact and potentially

more expressive parameter space for the QAOA, which can enhance the algorithm’s perfor-

mance in finding optimal solutions. It is also seen in [72] that as p increases, the amplitudes
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of the Fourier series diminish, justifying the possible use of even fewer parameters (lower

frequencies) with the same accuracy.

Multiangle Approach

The Multiangle variation assigns individual parameters to each term of the cost and mixer

Hamiltonians, unlike the standard QAOA where single parameters are applied to the en-

tire cost and mixer Hamiltonians. The cost function for the QAOA using the Multiangle

parametrization is defined as

E(βij, γij) = ⟨ψ(βij, γij)|Ĥ|ψ(βij, γij)⟩, (3.4.28)

where {βij} and {γij} are sets of parameters applied to each term in the mixer and

cost Hamiltonians, respectively. The Hamiltonian Ĥ is typically expressed as a sum of

Pauli operators. Now we consider the cost Hamiltonian ĤC and the mixer Hamiltonian ĤM

decomposed into their constituent terms

ĤC =
∑
j

CjP̂j , (3.4.29)

ĤM =
∑
k

MkQ̂k , (3.4.30)

where P̂j are, in our case, Z or ZZ operators, and Q̂k are Pauli operators by default chosen

as X operators. Cj and Mk are complex coefficients. Applying Equation (3.4.30) yields

U(γij, βij) =

p∏
l=1

(∏
j

e−iγljCj P̂j

∏
k

e−iβlkMkQ̂k

)
, (3.4.31)

where p is the number of QAOA layers (repetitions), and γlj and βlk are the parameters

applied to each term P̂j and Q̂k in the l-th layer.

This approach provides more fine-grained control over the parameterization of the QAOA,

promising to lead to better optimization results by exploiting the structure of the Hamil-

tonians more effectively. Although it presents itself as a more robust general method, the

greater amount of parameters emphasizes the importance of a fit optimization algorithm and

introduces more numerical errors to take into account regarding precision.
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CHAPTER 4

CASE STUDY

Our study examines an analogous problem to the one seen in power distribution networks

[22] applied to the Scandinavian energy grid. This problem is a variation of the k-Max-Cut

problem, a well-known NP-hard problem, with some additional cost and constraint terms.

This chapter begins by explaining how a problem is encoded in a framework using a sim-

pler example in Section 4.1 and formalizing our problem definition in Section 4.2, justifying

as well its form in Section 4.3. Next, we apply our problem definition to a real-case scenario

in Section 4.4 and present the results of executions for 8 nodes in Section 4.5, 11 nodes in

Section 4.6, and real execution data from a quantum computer in Section 4.7. Finally, we

conclude this work in Section 4.8.

4.1 Problem Encoding

To illustrate the problem encoding used in this research, we present the weighted Max-Cut

problem as a foundation for understanding how to approach more complex problems. The

formal definition of the problem is the following:

• We have an n-node undirected graph G = (V,E) where |V | = n.

• Each edge has a weight ωij > 0, and ωij = ωji for all (i, j) ∈ E.

• Each node has a weight vi > 0 for each i ∈ V .

• A cut is defined as partitioning the original graph into two subsets:

– G0 = (V0, E0) where E0 = {(i, j) | i, j ∈ V0}
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– G1 (similarly defined)

• This partitioning results in some edges not belonging to either subset E0 or E1. As

illustrated in Figure 4.1, V0 could represent the black vertices, V1 the white vertices,

and E0 would consist of only one black edge, with no edges in G1. A partitioning can

also be represented by a cut that crosses all edges with nodes on different subsets.

Figure 4.1: A simple graphical example of a cut that partitions a graph in two. The edges

crossed by the dashed line are those whose weights will be counted in the cost function.

In optimization problems, a cost function is defined to evaluate the quality of candidate

solutions. In the Max-Cut problem, the cost function is the sum of all weights of the edges

crossed by a cut, which are the edges not belonging to E0 nor E1. It can be understood as

if the crossed edges represent the influence ωij of customer j if customer i receives a free

sample, quantifying how much j will purchase if recommended by i, who received the sample

for free (with i and j being interchangeable in undirected graphs). The individual weights

vi represent the multiplying factor for the customer who is given a free sample (xi = 1) and

the probability he decides to buy again.

To translate this problem into a binary representation suitable for quantum computation,

we define xi for each node i where xi = 0 if the node is assigned to G0, and xi = 1 if assigned

to G1. Then the cost becomes
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C(x) =
n−1∑
i,j

ωijxi(1− xj) +
n−1∑
i

vixi . (4.1.1)

Imposing i < j in the summation ensures that each edge is considered only once, avoiding

redundant calculations while not affecting the symmetrical nature of solutions (e.g., ”0101”

being equivalent to ”1010”). Nevertheless, it is not technically needed.

Although Equation (4.1.1) is intended to be maximized, firstly must be translated into

the quantum realm. Consider a solution to the problem is |010...101⟩, a quantum state

defined by a string of 1s and 0s of length n. Applying the operator

1− Zi
2

= 0.5

1− 1 0

0 1− (−1)

 =

0 0

0 1

 , (4.1.2)

where Zi is defined in Chapter 2. This operator has eigenvalues 0 and 1 for the eigenstates

|0⟩ and |1⟩ respectively. Then the cost function becomes

C(Z) =
∑
ij

ωij
4
(1− Zi)(1 + Zj) +

∑
i

vi
2
(1− Zi) (4.1.3)

=
∑
ij

ωij
4
(Zj − Zi − ZiZj) +

∑
i

−vi
2
Zi +

∑
ij

ωij
4

+
∑
i

vi
2

(4.1.4)

= −1

2
(
∑
i<j

ωijZiZj +
∑
i

viZi) +K . (4.1.5)

Applying that
∑

ij
ωij

4
(Zj − Zi) = 0, as terms cancel each other when the pairs (i, j)

are permuted to (j, i), and
∑

ij
ωij

4
(−ZiZj) =

∑
i<j

ωij

2
(−ZiZj) to collapse permutations.

The constant K is irrelevant and can be excluded in the optimization and the expression in

Equation (4.1.5) can be seen as an Ising Hamiltonian [75]

H =
∑
i<j

ωijZiZj +
∑
i

viZi , (4.1.6)

whose ground state, the eigenstate with minimal energy, is the solution to the problem.
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For every pair of edges xi, xj, there is a Zi⊗Zj term in the Hamiltonian of the problem.

It is important to note that in Equation (4.1.6), the summation terms have been simplified

for readability purposes. Any Zi term is an operator I⊗ ...⊗Zi⊗ ...⊗I, as the tensor product

of operators from different qubits generates operators that act on a larger system. A linear

combination of operators in the previous format defines a sparse Pauli Operator.

The expression

H =
1

2

(∑
i<j

ωijZiZj +
∑
i

viZi

)
− 1

2

(∑
i<j

ωij +
∑
i

vi

)
(4.1.7)

allows us to easily compute the real cost if the problem at stake requires it and the offset

must be considered.

Figure 4.2: Simple example case of a 4-node undirected graph with weighted nodes and

edges. As the problem is simple enough, the best solution can be found by computing all

possible scenarios.

Following the example in Figure 4.2, the Hamiltonian is
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H =
1

2

(
(2.0)IIZZ + (1.0)IZIZ + (2.0)ZIIZ + (2.0)IZZI + (2.0)ZZII

) (∑
i<j

ωijZiZj

)
(4.1.8)

+
1

2

(
(0.5)IIZI + (0.5)ZIII

) (∑
i

viZi

)
(4.1.9)

− 1

2

(
−2.0− 1.0− 2.0− 2.0− 2.0

) (∑
i<j

ωij

)
(4.1.10)

− 1

2

(
−1.0− 1.0

) (∑
i

vi

)
.

(4.1.11)

This problem can be brute-forced by trying all the possible combinations of 1 and 0 in a

bit string of length n, so n = 4 yields 2n = 16 different solutions as shown in Figure 4.3a
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(a) Example of brute-forcing the solution.

For each possible case, equivalent to a bi-

nary string, we can compute the partitioning

of nodes and its total cost. Taking the min-

imum of such expression yields the result of

the Max-Cut problem.

(b) Visual representation of the best solution

seen in Figure 4.3a, where nodes forwhich

xi = 1 are colored in cian.

Figure 4.3: A visual representation of the brute-force method and how solutions are repre-

sented in the underlying problem graph.

4.2 Formal Definition

Sharing similarities with the previous problem, this work proposes a more general formu-

lation to efficiently partition a graph based on conditions such as balancing the number of

nodes, leveling surpluses of nodes per partition, and rewarding the presence of edges inside

a partition as existing power line connections. Considering an n-node undirected graph

G = (V,E) where |V | = n, node weights wi for i ∈ V indicate the surplus of a certain geo-

graphic location. These nodes are carefully chosen to be representative aggregations of real,

smaller regions. Partitions in the set of nodes are defined by introducing Vp for p = 1, ..., P

with P being the total number of partitions and each Vp a subset of V .
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Cost Terms

The cost function to be optimized includes the following terms:

1. Partitions must be balanced in the number of nodes, as real-world applications expe-

rience that a solution with unbalanced partitions requires the addition of extra power

lines at a high expense. This concept is accounted for by defining

Cbalanced(x) =
P∑
p

(∑
n∈V

xi,p

)2

, (4.2.1)

where xi,p is a binary variable that is 1 if node i is in partition p and 0 otherwise. And

Vp is the set of nodes in partition p.

2. Using existing edges to communicate nodes in the same partition reduces the cost of a

solution. This concept can be expressed as

Cdiscount(x) =
P∑
p

|E| −
∑

(i,j)∈E

xi,pxj,p

 , (4.2.2)

where |E| is the total number of edges in the graph. This term is definite positive, as

the number of edges in the graph will always be greater than the number of edges in

the partitions.

Constraint Terms

To restrict the number of solutions to feasible ones, the following constraints must be im-

posed:

1. Imposing a node can only be part of a single partition is achieved by the expression

P∑
p

xi,p = 1 n = 1, ..., N . (4.2.3)
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2. The mean surplus of a partition must be below a threshold value, referred to as the

”self-sufficiency” clause, indicating that the surplus in the area need not be higher to

achieve self-sufficiency. This is expressed as

N∑
n=1

wnxi,p − k

N∑
n=1

xi,p ≤ 0 p = 1, ..., P , (4.2.4)

where k is chosen as the average surplus among all nodes [22]. It serves as a balancing

constraint for the partitions and the surplus of the nodes. In our case, we do not have

energy sharing (flow function inside a partition Fpq(x)), which would modify this term

as seen in [22].

4.3 Analysis of the Objective Function

The previous terms have been carefully tailored to generate optimal solutions according to

the conditions each imposes. Seeking completeness, they will be properly justified.

Justification of Cost 1

The term Equation (4.2.1) can be interpreted as f(x) =
∑
pPx2p, where xp represents the

number of nodes in partition p. We perform a minimization on this function with the

constraint (given by the problem itself) that the total number of nodes is constant so that

g(x) =
P∑
p

xp −N = 0 . (4.3.1)

Using the Lagrange Multiplier method, the minimum of the function f(x) conditioned

by g(x) can be found by computing

L(x, λ) = f(x)− λg(x) , (4.3.2)

where λ is the Lagrange Multiplier, and derivating with respect to xp and λ, setting them

both to zero:
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∂L

∂xp
= 2xp − λ = 0 (4.3.3)

∂L

∂λ
=

P∑
p

xp −N = 0 (4.3.4)

Solving the first equation for λ and substituting it into the second equation

xp =
N

P
p = 1, ..., P , (4.3.5)

yields the minimum proven unique by the Hessian matrix being constant and positive

definite.

H =



2 0 · · · 0

0 2 · · · 0

...
...

. . .
...

0 0 · · · 2


. (4.3.6)

This means the function f(x) is minimized when the partitions are balanced and can be

seen using a geometric representation Figure 4.4.

Justification of Cost 2

If Equation (4.2.2) is not present, partitions are done arbitrarily without considering the

edges already present in the graph. This function is analogous to the Max-Cut Hamiltonian’s

problem in Equation (4.1.1) when all edge weights are equal to 1 and node weights are

excluded.
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Figure 4.4: Justification of Cost 1: Each concentric sphere is the K surface level of f(x) =

x2+y2+ z2 for a given K. Then g(x) = x+y+ z−N , being N the number of nodes, defines

the (hyper)plane constraining the solution. The intersection of both figures that generates

the minimal value of f(x) is when g(x) is the plane tangent to the point (x
3
, y
3
, z
3
). This plot

has been generated with the tool in [76].
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Justification of Constraint 1

The translation of the constraint Equation (4.2.3), also known as the One-Hot Encoding

constraint, is done using the penalty method so that

Penalty =
P∑
p

(∑
n∈V

xi,p − 1

)2

. (4.3.7)

Any result that does not have a unique xi,p = 1 for a given node i will result in a

positively valued penalty, increasing the energy of that unfeasible eigenstate. For instance,

encoding two partitions (P = 2), ”10” and ”01” are valid, and ”00” or ”11” are penalized.

This constraint is imposed to prevent a node from being part of more than one partition,

ensuring the same node is not counted multiple times in the cost function.

Justification of Constraint 2

The formula for this constraint differs from the one proposed in [22], as the implementation

requires a considerable amount of extra qubits. Alternatively, we propose

Psurplus =
P∑
p

(
n∑
i=1

xi,p (weightsi − k)

)2

(4.3.8)

It has the same structure as the previous penalty and penalizes solutions with partitions

whose balances are out of the range (0, k), meaning partitions that are not self-sufficient are

penalized, as well as partitions exceeding k, which defines the threshold of self-sufficiency.

By convention [22], k is chosen as the mean of all the node weights. Applying this penalty

allows for an optimal solution such as Figure 4.5b instead of Figure 4.5a, and avoids the

degeneracy of energy levels, as it prevents the existence of multiple optimal solutions that

are permutations of each other. It is a direct effect of cost in Equation (4.2.4) being trivial

in fully connected graphs, and multiple distinct partitions balanced in the number of nodes

can be made.
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(a) Unbalanced Surplus: One of the op-

timal states when no surplus constraint is

applied. Causes a degeneracy that allows, in

fully connected graphs, many solutions with

the same optimal value.

(b) Balanced Surplus: The optimal state

ensures a balanced, self-sufficient energy sur-

plus when the surplus constraint is applied.

Figure 4.5: Comparison on the impact of Constraint 2: For a fully connected 8-node graph,

to the left, the constraint is not applied, and the sum of weights in the red partition is

10.1, meanwhile in the green partition is 30.3. On the other hand, when the constraint

is applied, we obtain a balance of 20.0 and 20.4, significantly closer to a surplus balance

between partitions.

4.4 Real-Case Scenario

Once the objective function has been defined, we present a case study where it can be applied

by following a parallel approach to the one considered in [22]. The Scandinavian power

distribution network is aggregated in an 8-node graph representing the different regions of

Scandinavia, using uniform randomly generated node weights to create randomized cases

such as in Figure 4.6.

In Chapter 3, the Quantum Approximate Optimization Algorithm (QAOA) was defined

along with some of its principal ”add-ons.” These will be combined into 8 different proposed

solving methods for later comparison. Defining the four following procedures:
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Figure 4.6: Example of the Network for n = 8. In this case, only points from Norway and

Sweden are used from geographic locations that are representative of the whole network.

• Straight Minimization: Given a circuit of max depth p, the minimization is per-

formed using the maximum amount of parameters possible, without minimizing at each

p increment.

• Straight Minimization Multiangle: Similar to the previous method, but allowing

for different parameters for each term of the cost Hamiltonian.

• Optimize: Instead of directly approaching the entire circuit for a given p, intermediate

p circuits are also computed to find optimal solutions, and these results are used in the

next iteration of minimization p→ p+ 1.

• Optimize Fourier: Builds on the previous approach by adding Fourier parametriza-

tion for γi and βi.
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Each will be applied with and without the warm-start technique. The distribution from

which initial random parameters are extracted plays a crucial role in the performance of

optimization algorithms as initial parameters are starting points in the algorithm’s search for

optimal solutions. The choice of distribution can affect the convergence speed, the likelihood

of finding global versus local optima, and the overall efficiency of the optimization process.

Research has shown that specific distributions, such as Xavier or Glorot initialization [77],

He initialization [78], and others tailored for specific problems, can significantly improve the

performance of optimization algorithms [79, 80]. Thus, we will work with three different

distributions that have been proven to work well:

• Uniform Distribution: Parameters are initialized with values drawn from a uniform

distribution within the range (0, 2π). This approach ensures that all initial values are

equally likely, promoting a broad exploration of the solution space. It is a good baseline

from which to start.

• Perturbed Distribution: Involves starting with a baseline value drawn from a uni-

form distribution and adding small random perturbations, drawn from a normal dis-

tribution. This approach is useful when there is prior knowledge about the baseline

parameters close to optimal values.

• Gaussian Distribution: Parameters are drawn from a Gaussian distribution with a

mean equal to π and a standard deviation of 0.1. This method tends to place more

initial values near the mean, which can be advantageous for problems where central

values are more likely to be near the optimal solution.

Regarding the choice of the optimizer, COBYLA [81] has shown the fastest convergence

time. Other optimizers such as BFGS do not converge in some cases and will not be consid-

ered. Moreover, COBYLA is an optimizer efficient in searching global minima when multiple

local minima are present. For further reference, all code definitions can be found in [82] and

the cluster specifications in [83].

67



Figure 4.7: Brute Force Histogram: For each energy range, the amount of states in the range

is shown. Each bin represents a range of close energy values, and, in red, the lowest energy

value found for the instance in Figure 4.6.

4.5 8 Node Execution

Using the same example as in Figure 4.6, we can brute-force the solution and plot the

histogram of the energy value for each solution to obtain Figure 4.7.

Executing the instanced problem 100 times for each of the 24 configurations (4 methods,

with or without warm-start, and initial parameters strategy) and graphically representing the

energy distributions, we study for a specific case, how our methodologies perform. This data

contains information on which method is more likely to converge into the correct solution.

As both ”optimize” methods go through intermediate steps, these results are also stored for

comparison.
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Figure 4.8: Straight Minimization method, for p = 15: The Gaussian achieves the best con-

vergence to the optimal solution between all the initial point strategies, and its distribution

is leaning more towards the optimal value than the other strategies, proving to be more

robust.
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Figure 4.9: Straight Minimization method, warm-started, for p = 15: The Gaussian achieves

the best convergence to the optimal solution between all the initial point strategies, surpass-

ing the classical best solution in a 1%, which can be attributed to numerical errors. The

other distributions are far from the optimal solution and converge to other local minima.

Comparing it to the histogram in Figure 4.7, the perturbed and uniform strategies do not

yield near-optimal results, as there is a large number of solutions in the range they converge.
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Figure 4.10: Optimize method, for p = 15, filtered for only results with p = 15: The three

strategies seem to behave quite similarly, but all of them show results better than the optimal

solution, which is not possible in the range of feasibility.
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Figure 4.11: Optimize method, warm-started, for p = 15, filtered for only results with p = 15:

The three strategies seem to behave quite similarly, but all of them show results better than

the optimal solution, which is not possible in the range of feasibility.
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Figure 4.12: Optimize method, for p = 15, allowing intermediate results: When intermediate

results are allowed, the distribution achieves values closer to the classical optimal solution,

showing that the number of parameters could be shortened yielding similar results. All

strategies have values surpassing the classically obtained minima.
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Figure 4.13: Optimize method, warm-started, for p = 15, allowing intermediate results: The

solution does not differ much from its counterpart in Figure 4.12, with the same concerns

about numerical errors.

A preliminary result comparison between warm-started and non-warm-started methods

shows the Straight Minimization case does not improve significantly with the warm-start

add-on. Between Figure 4.8 and Figure 4.9, there is a decrease in the number of solutions

close to the global minima. The only strategy that does not seem to be hindered by the add-

on is the Gaussian, which approximates nearer to the optimal solution but loses robustness.

The results for the Straight Minimization Multiangle share the same behavior and have been

omitted for brevity.

Regarding the Optimize Methods, no improvement is perceived between Figure 4.10 and

Figure 4.11. Allowing possible optimal results for p < 15 leads to no improvement in the
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warm-start method, as seen between Figure 4.12 and Figure 4.13.

In the Optimize methods, some results surpass the classically obtained best result. This is

due to the specific problem, with the parameters proposed, having a relatively high variance

in the energy estimation, which increases with the addition of the warm-started methods as

they modify the mixer operator and transform it into a more complex operator to evaluate.

We can conclude that some problems, such as the one presented now, can be ill-conditioned

to solve with our methodology, and it is a significant factor when evaluating a certain graph.

A comparison of all these results can be presented to find which method approaches

better values for the energy.

Figure 4.14: Boxplot for Straight Minimization, p = 15: The Gaussian strategy is closer

to the classical optimal result, and it is proven that the whole distribution in Figure 4.8 is

shifted towards better values.
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Figure 4.15: Boxplot for Straight Minimization, warm-started, p = 15: The Gaussian strat-

egy is closer to the classical optimal result, but some numerical errors start to appear when

our results are lower than the optimal solution, as shown in Figure 4.9.
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Figure 4.16: Boxplot for Optimize, p = 15: This method introduces a higher variance in the

results, as the distribution loses quality and the mean of the results is close to 15% away

from the optimal.
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Figure 4.17: Boxplot for Optimize, warm-started, p = 15: As well as higher variance in

results, this method yields poorer quality in the relative error with respect to Figure 4.16.

The whiskers show that some closer-to-optimal results are reached but the numerical error

is considerable.
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Figure 4.18: Boxplot for Optimize, allowing intermediate results, p = 15: allowing for

intermediate results increases the variance even more than in Figure 4.16, as some added

results are performed with simpler circuits which do not have the capability of getting closer

to the global minima.
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Figure 4.19: Boxplot for Optimize, warm-started, allowing intermediate results, p = 15:

Once again, no significant improvement is obtained from applying the warm-start add-on.

Wide distributions with high error percentages.

This first experiment is a guideline to showcase the methods used and their effect on

a specific case. One key concept is the Gaussian strategy being the most robust among

the other two across all the methods. Regarding warm-start, no significant improvement

is obtained from it, but it can be attributed to the specific case, as the preliminary initial

solution given by CPLEX is close to the superposition solution, so the initial state and, by

default, the mixer operator will remain unchanged. Another key concept is the errors seen

in the optimization method, which for this specific problem, leads to the minimization of a

circuit with high variance. Results from p− 1 being used to start minimizing at p condition

the sequence of parameters the optimizer iterates, and converge into an ill-conditioned part

of the cost function, generating larger errors.
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4.6 11 Node Execution with Pseudo-random Graphs

The previous experiment was performed using only one case of the infinite amount of prob-

lems that can be generated. As a single case comparison lacks insight into the behavior of

our methods, the following experiment is proposed:

A thousand different graphs such as the one in Figure 4.20 with the Scandinavian network

structure are generated, and their node weights are randomized. Their purpose is to simu-

late a tool that, at each timestep, can infer the best solution to the problem and generate

partitions that share energy surpluses. Across all the experiments, p = 15 as a maximum

will be used, as it is a value after which no improvement is seen.

Executing each methodology on a thousand graphs for ten runs and averaging the result,

yields a real idea of the applicability of each method is obtained. All executions were per-

formed on a simulator and results were also computed using our warm-start technique, but

they did not show any class of improvement so they have been omitted.

81



Figure 4.20: Scandinavian Power Grid for n = 11, the full extent of the proposed problem,

involving the regions of Norway, Sweden, and Denmark.
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Figure 4.21: Relative error between the three strategies applied with the Straight Minimiza-

tion method, in boxplot format. Only the Gaussian strategy proves capable of approximating

the optimal solution in some graph instances.
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Figure 4.22: Relative error between the three strategies applied with the Straight Mini-

mization Multiangle method. The only strategy that performs well with this method is the

Gaussian.
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Figure 4.23: Relative error between the three strategies applied with the Optimize method.

All strategies perform similarly and, on average successfully.
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Figure 4.24: Relative error between the three strategies applied with the Optimize method.

This method incurs many errors in the computation and yields suboptimal solutions.

The initialization point given to the straight minimization algorithms is crucial, as seen

in Figure 4.21 and Figure 4.22. On the other hand, optimizing methods in Figure 4.23

and Figure 4.24 seem more unaffected by initialization. All these results are reflected in

Table 4.1. If we look at the best case for each method, assuming the Euclidean norm of the

value differences as goodness criteria, the result in Figure 4.25. Comparing between all the

norms of each method (for each, the best strategy), yields Table 4.2.
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Figure 4.25: The following comparison is achieved given the best strategy for each method.

Only the methods of Straight Minimization and Optimization can reach enough degree of

convergence. The rest of the methods converge to less optimal solutions in a lower percentile.

It is important to note that numerical errors can be found in the solutions that exceed the

classical optimal solution.
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Method Strategy Norm of the Difference

Straight Minimization

Uniform 150.455

Perturbed 150.177

Gaussian 63.727

Straight Minimization Multiangle

Uniform 117.827

Perturbed 117.886

Gaussian 82.325

Optimize

Uniform 88.563

Perturbed 89.311

Gaussian 86.453

Optimize Fourier

Uniform 129.985

Perturbed 129.201

Gaussian 111.438

Table 4.1: A full comparison between norms of different methods and strategies, showing

how the Gaussian strategy performs best and initialization is very relevant in the Optimizing

methods.

Method Best Strategy Norm of the Difference

Straight Minimization Gaussian 63.727

Straight Minimization Multiangle Gaussian 82.325

Optimize Gaussian 86.453

Optimize Fourier Gaussian 111.438

Table 4.2: A comparison between the Euclidean norms of different strategies, portraying

how the Straight Minimization method can perform better than the other methods.

For each graph, we compare the results from all the methods and select the best-
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Figure 4.26: Histogram comparison where we count, for each method, how many times it

was the best at its task. Concerning Figure 4.25, we can see coherence in obtained results,

as these are the only methods that have gotten close enough to an optimal solution.

performing one in the specific instance. Thus, we receive information about, on average,

the technique that yields better results consistently across scenarios.

We have seen how susceptible ”Minimize” methods are to parameter initialization, and

how the Optimize method, despite the numerical error, was the best in some of the previous

cases (Figure 4.26). Analyzing cases where the best method was ”Optimize” and extracting

their execution data highlights instances only requiring 4 parameters to fit the problem. We

propose to add to the solution pipeline in Chapter 3 an extra step where a neural network is

the one that computes the random initial parameter. A simple network with one intermediate

layer of 16 nodes is enough to capture the relationship between previous optimal parameters
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and their surplus weights, allowing for shallower quantum circuits and decreasing the error

rates. The actual design of the neural network and optimization of its parameters and hyper-

parameters is out of the scope of this thesis and the results of this process can be seen in

Figure 4.27.

Figure 4.27: Results of the complete pipeline with a neural network seeding the initial

parameters for the circuit with p = 2. 100 executions averaged showcase this method as

robust and more efficient than executing p = 15, with similar suboptimal solutions in total.

4.7 Execution Time as n Increases

One of the main promises of quantum computing has been its ability to scale as problems

become larger [7]. In the next experiment setup, we solve problems in a quantum computer

provided by IBM [84] and obtain real execution times using the previous pipeline. The

system specifications of the used machine are found in Table 4.3.
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Attribute Details Attribute Details

Qubits 127 Status Online

EPLG 3.9% System region us-east

CLOPS 5K Total pending jobs 2 jobs

Processor type Eagle r3 Basis gates ECR, ID, RZ, SX, X

Version 1.2.38 Instance usage 93 jobs

Median ECR error 9.485e-3 Median SX error 2.997e-4

Median readout error 1.690e-2 Median T1 229.32 µs

Median T2 99.07 µs

Table 4.3: System Information of ibm kyoto from [84]. Some of the most relevant information

to us is the number of qubits, which affects the size of the problem. Also, ECR (Echoed

Cross-Resonance) gates are the native implementation of our RZZ gates and will determine

their error rate. SX is only relevant for the initial state if H gates are used, and RZ gates

are considered 0 error gates [85].

Execution time does not appear to be directly correlated with the number of qubits used

(Figure 4.28), as increasing the problem size yields similar results. Compared to how a

classical brute-force method behaves, a clear potential in providing polynomial execution

time to current exponential time problems can be seen. Nevertheless, as p increases, we can

see a significant increase in execution time as shown in Figure 4.29. As a problem increases

its size, so will the Hamiltonian. The proposed Hamiltonian exemplifies this case as a size

increase leads to more edges and more nodes, both adding terms to the energy operator.

With complexity increase, comes a readjustment of p value, as the adiabatic process that

simulates the QAOA needs more fine-grained steps and parameters to adjust. Thus, as p

must be increased for larger n values, the execution time will consequently increase by the

ratio shown in Figure 4.29.

In an ideal scenario, all the previous experiments would have been executed in one of the
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Figure 4.28: Relationship between the execution time and the size of the problem. It is

important to note that all of these results are taken with p = 2, and the execution time for

each n value is also dependent on the number of shots of the circuit, which in all our cases 100

shots are taken and averaged; and the number of optimization rounds needed to converge.

These 100 shots took 6 seconds in all the different cases, and differ from the exponential

growth of classical methods.

provided quantum computers by IBM, but these services are charged at 1.6$ per quantum

second, an unfeasible expense for our budget. Therefore, experiments were performed in

a simulator that ran in a cluster with execution time and RAM limiting the performance.

Therefore, the economic cost of the solution must also be considered and it will be mentioned

in the next chapter.

Finally, p = 15 was assumed throughout all experiments as a correct value of p to

avoid error, and a noise-free simulator was used in the previous experiments. In IBM’s

documentation [29], a simple example is provided and used with p = 2. Using the data

found in Table 4.3 and computing the total number of single qubit gates and coupling
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Figure 4.29: For n = 11, we vary the depth of the circuit and observe how much time it

takes to compute 100 shots from it. Here an increase in computation time is noticed. For

larger n, the curve should be reevaluated.

qubit gates, a 15% error rate can be found just in gate fidelity, without taking into account

decoherence errors. For our case scenario, given p = 2, the error rate is 105%, meaning

that our problem complexity is far greater than the current machines in IBM can handle as

far as gate fidelity concerns.

4.8 Conclusion and Outlook

In this study, we provide several insights into the performance and limitations of different

quantum optimization methods, particularly in the context of solving complex partitioning

problems on quantum hardware. For this purpose, we study the distribution of energy

surpluses in the Scandinavian power grid as a custom graph partitioning problem. Strategies

employed include iterative minimization with increasing p and using intermediate results

(Optimize methods), deriving a multiangle implementation, warm-starting with classically
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obtained solutions of the relaxed problem, and using reparametrizations.

Straight Minimization methods, including both the standard and Multiangle approaches,

exhibited varying degrees of effectiveness. The standard Straight Minimization method,

while straightforward in its implementation, struggled with convergence to optimal solu-

tions when initialization was not ideal. The Gaussian strategy consistently outperformed

the uniform and perturbed strategies, emphasizing the non-trivial role of biased parameter

initialization. In contrast, the multiangle approach, although offering greater flexibility by

allowing different parameters for each term of the cost Hamiltonian, showed improved per-

formance but increased sensitivity to errors. The balance between fine-grained control and

error susceptibility needs careful consideration in practical applications. The latter approach

demonstrates the potential for improved optimization by introducing more fine-grained con-

trol of the ansatz. However, this extra control is more error-susceptible and underscores the

importance of problem-specific parameter initialization methods as quantum circuits become

more complex.

Optimize methods, both standard and Fourier-based, showed results achieving near-

optimal solutions. These methods exhibited a higher tolerance to initial parameter vari-

ations, making them more robust in practical scenarios. The standard Optimize method, in

particular, demonstrated a good balance between convergence speed and the practical use

of a solution. However, the error rates presented, even in a noise-free simulator, disqualify

it as a potential solution by itself without any other tools supporting it. The Fourier-based

method, while introducing more complex parameter dependencies, also incurred higher com-

putational overhead and did not consistently outperform the standard Optimize method.

This indicates that while Fourier-based parameterization has potential, it requires further

refinement to be practically applicable.

Additionally, our study explores the importance of warm-start techniques in optimization.

Despite initial expectations, warm-starting did not consistently improve performance across

all methods. This suggests that the benefits of warm-starting are highly dependent on
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the specific problem instance and the quality of the initial solution provided. In our case,

initial solutions seemed to always lead to the default superposition state or some more ill-

conditioned derivation of it.

In a certain number of cases, we could reduce the circuit depth required to lower p values.

The use of a neural network could potentially mitigate some of the initialization challenges

observed with the Multiangle and other methods. Employing past optimal parameters con-

ditioned on the surplus weights selection allows us to infer a fitting initial parameter set that

can potentially reduce circuit complexity while maintaining solution quality.

Another key result of the performed experiments is the relationship between the depth

of the circuit and the computational time, but the apparent independence between n and

the former. However, as n increases, the complexity of the Hamiltonian grows accordingly,

requiring higher p values to achieve accurate solutions. This increase in p directly translates

to longer execution times and higher error rates, but it does not show an exponential increase

as classical brute-forcing methods do.

Lastly, our findings emphasize the need for ongoing development in both quantum al-

gorithms and hardware. The constraints imposed by gate errors and decoherence times are

significant barriers that must be addressed to fully achieve the potential of quantum op-

timization. Future work should focus on error correction, more fault-tolerant systems, the

introduction of some error mitigation techniques such as the ones explained in this work, and

hardware improvements to support larger and more complex quantum circuits. In our case

study, more than two partitions could not be considered due to the lack of computational

capabilities of the simulator, as the increase in the number of qubits multiple partitions re-

quire was not feasible. Moreover, a proper comparison with the Quantum annealing version

of the problem was left out of the scope of this work and could be an interesting continua-

tion, as our problem presents eigenstates with energy levels relatively close to each other, a

characteristic Quantum annealing struggles with [86].

In conclusion, quantum computing remains an expensive methodology both in terms of
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computational and economic resources, and in time execution, compared to the current best

classical methods. While quantum optimization shows great potential for solving NP-hard

problems like the k-Max-Cut, current hardware limitations necessitate careful consideration

of circuit design, initialization strategies, and error mitigation techniques. According to

predictions from other works [7], we are not yet close to substituting supercomputers with

quantum computers for logistical applications. The full capacity of universal gate comput-

ing remains uncertain, but continued advancements in these areas are crucial for achieving

practical and reliable quantum computation. An important aspect to reconsider is the cho-

sen technology, as there is a constant increase in promising new quantum computer imple-

mentations. Superconducting qubits, for instance, is a technology still in its early stages,

and the coming years promise significant developments. These advancements, coupled with

cutting-edge quantum computer implementations based on different physical systems, and

substantial investments in the field [87], hold the potential to transform the field of quantum

computing.
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CHAPTER 5

SUSTAINABILITY STUDY

In this chapter, the sustainability of this work is presented, analyzing some key general

concepts, ethical implications, and their relationship to the Sustainable Development Goals

[88]. We study the sustainability matrix in Section 5.1 and the ethical implications involved in

Section 5.2. Finally, we match our development with the 2030 Agenda’s goals in Section 5.3.

5.1 Sustainability Matrix

This section explores the three key aspects of sustainability analysis and their connection to

the experiments performed.

5.1.1 Environmental Impact

The Quantum Approximate Optimization Algorithm (QAOA), together with the strategies

and add-ons proposed, offers a novel approach to partitioning the Scandinavian power grid

into self-sufficient communities. This contributes to sustainability by optimizing energy

distribution, reducing waste, and enhancing the efficiency of renewable energy utilization.

In Scandinavian power grids, when energy demands are not met, flexibility providers [89]

must be contacted and connected to the network, using highly contaminating methods to

respond to the demand. Otherwise, the network would black out. By enabling real-time

adjustments to energy demand and supply, QAOA supports the distribution of clean energy

on the grid, as it is known that almost all energy production in Scandinavian countries comes

from renewable sources [90].

Implementing QAOA in real-time energy demand partitioning has the potential to signif-
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icantly reduce the environmental footprint of power grids. The optimized partitioning leads

to improved energy efficiency and lower transmission losses. However, the environmental

benefits are contingent on overcoming current limitations in quantum computing, such as

high error rates and significant energy consumption during computations. Continuous ad-

vancements in quantum hardware efficiency are crucial to maximizing these environmental

benefits.

The high error rates and current limitations of quantum computing pose challenges to the

sustainability of the proposed QAOA solution. Frequent computational errors necessitate

repeated calculations, which can offset the energy savings achieved through optimization.

Moreover, the error rates impact the accuracy of energy demand partitioning, potentially

leading to suboptimal decisions. Developing more error-tolerant algorithms and improving

quantum error correction methods are essential for enhancing the sustainability and relia-

bility of QAOA applications [91].

Quantum computers, particularly in their current early stages, consume considerable en-

ergy compared to classical computers. The cooling systems required for maintaining qubits

at extremely low temperatures contribute significantly to this energy demand. However,

as quantum computing technology matures, the energy efficiency of quantum processors is

expected to improve. Quantum computing has the potential to lower CO2 emissions signifi-

cantly, especially if advances reduce the need for extensive refrigeration systems. Given that

energy generation accounts for approximately 40% of global CO2 emissions [92], optimizing

this sector using efficient quantum algorithms could have substantial environmental benefits

[93].

The neural network-based initialization strategy enhances the sustainability of the QAOA

approach by improving convergence rates and reducing the computational overhead associ-

ated with finding optimal parameters. By leveraging past optimal parameters, the neural

network can provide a better starting point for the optimization process, thereby decreas-

ing the number of iterations required and the overall energy consumption. This approach
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not only improves the efficiency of quantum computations but also aligns with sustainable

computing practices.

Currently, the highest expense of quantum computers is the refrigeration system that

keeps the chip at superconducting conditions. Achieving it requires a high energy consump-

tion. Therefore, in this project, we have only resorted to quantum execution when results

have been performed on the simulator, and just the best cases were executed in a quantum

computer.

At the end of the QAOA project’s life-cycle, the disposal of quantum hardware poses an

environmental challenge. To mitigate this, strategies for recycling and repurposing quantum

components should be developed. Implementing take-back programs and designing hardware

with modularity in mind can facilitate easier upgrades and reduce electronic waste .

5.1.2 Economic Impact

Adopting quantum computing for energy grid optimization has significant economic impli-

cations. It can lead to cost savings through more efficient energy distribution and reduced

reliance on fossil fuels. However, the high initial investment and operational costs of quan-

tum computing infrastructure need to be justified by long-term benefits and widespread

adoption.

Ongoing advancements in quantum computing hardware and error mitigation techniques

are necessary for the long-term sustainability of the proposed solution. Improvements in

qubit coherence times, gate fidelities, and error correction methods will directly impact

the viability of QAOA for large-scale energy optimization. Furthermore, developments in

quantum algorithms tailored for specific applications will enhance the practicality and effec-

tiveness of quantum computing in addressing complex optimization problems.

As of now, using the pay-as-you-go version offered by IBM [94]. Each second of quantum

execution is valued at 1.6$. Using the results found in Chapter 4, we can find an upper bound

for the expense of a single run at 300$ (prices are given in dollars as the exchange rate may
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vary from the time this work is written. As technology advances, this price is expected to

be significantly reduced, and so its execution time is estimated to be 5 minutes on average.

This value uniquely determines the expense per run, and, assuming a system that computes

redistribution every half an hour, equates to 14400$. Prices for specific flexibility providers

have not been found, but they could very well exceed this number.

In addition, more applications of this strategy could be found that reduce computa-

tion times in other logistic problems, increasing its economic impact through the reduction

of immense computation times and computational power spent by super-computers. The

deployment and operational phases of the QAOA project will necessitate substantial com-

putational resources, primarily quantum hardware and cooling systems. The environmental

impact of these resources includes energy consumption and the associated carbon footprint.

While the initial resource investment is high, the long-term benefits of optimized energy

distribution could offset these costs. The reduction in transmission losses and improved in-

tegration of renewable energy sources are expected to lower the overall environmental impact

over the project’s life cycle.

5.1.3 Social Impact

Socially, the enhanced reliability and stability of power grids contribute to energy security

and resilience, benefiting communities by ensuring consistent access to clean energy.

The proposed QAOA solution has the potential to be scaled to other regions and sectors

beyond the Scandinavian power grid. Its application can extend to various optimization

problems in logistics, finance, and other industries where efficient resource allocation is cru-

cial. The adaptability of QAOA to different types of graphs and constraints makes it a

versatile tool for addressing a wide range of sustainability challenges. However, scalability

will depend on the continued evolution of quantum hardware and software capabilities.
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5.2 Ethical Implications

The integration of the Quantum Approximate Optimization Algorithm (QAOA) in optimiz-

ing the Scandinavian power grid carries several ethical implications. One primary concern

is data privacy, as the algorithm requires extensive data on energy usage patterns. Ensuring

that this data is collected, stored, and processed securely is paramount to protect user pri-

vacy. Robust encryption methods, which could also utilize quantum technologies and strict

access controls must be implemented to safeguard sensitive information against unautho-

rized access and potential breaches. Furthermore, transparency in data handling practices

is essential to maintain public trust and ensure compliance with data protection regulations.

A future deployment must also consider the digital divide. There is a risk of exacerbating

inequalities if only certain regions or groups have access to these advanced technologies. To

mitigate this, it is crucial to promote equitable access to quantum computing resources

and ensure that the benefits of technological advancements are distributed fairly across all

segments of society. This includes investing in education and training programs to build

quantum literacy and skills among diverse populations.

Environmental ethics are another crucial aspect. While QAOA aims to reduce the envi-

ronmental impact of energy grids, the production and disposal of quantum hardware present

significant environmental challenges. Ethical considerations extend to the entire life-cycle

of quantum hardware, from the sourcing of raw materials to the end-of-life disposal of com-

ponents. Responsible sourcing practices, fair labor conditions in the supply chain, and the

development of sustainable recycling and disposal methods are essential to minimize the

environmental footprint of quantum computing.

In addition, the potential societal impacts of widespread quantum computing adoption

must be considered. This includes addressing concerns about job displacement due to au-

tomation and ensuring that technological advancements lead to broad economic benefits.

Engaging stakeholders, including communities, policymakers, and industry leaders, in dis-
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cussions about the ethical implications of quantum computing, is crucial for developing

policies and practices that promote social justice and environmental sustainability.

5.3 The 2030 Agenda for Sustainable Development

The implementation of QAOA for optimizing energy grids aligns with several goals of the

2030 Agenda [88] for Sustainable Development. Primarily, it supports Goal 7 (Affordable

and Clean Energy) by enhancing the efficiency and integration of renewable energy sources,

thereby contributing to a more sustainable energy future. By optimizing energy distribu-

tion and reducing transmission losses, QAOA can make clean energy more accessible and

affordable for all, promoting energy equity and security.

The algorithm’s potential to reduce energy waste and optimize resource use also correlates

with Goal 12 (Responsible Consumption and Production). By ensuring that energy resources

are used efficiently and sustainably, QAOA helps to minimize the environmental impact of

energy production and consumption. This contributes to the reduction of waste and promotes

the sustainable management of natural resources.

By minimizing reliance on fossil fuels and supporting renewable energy, QAOA con-

tributes to Goal 13 (Climate Action), aiming to reduce greenhouse gas emissions. The

enhanced efficiency of energy grids facilitated by QAOA can lead to significant reductions

in CO2 emissions, mitigating the effects of climate change and supporting global efforts to

achieve carbon neutrality.

Additionally, the equitable distribution of energy resources and improved energy security

address aspects of Goal 10 (Reduced Inequalities) and Goal 11 (Sustainable Cities and Com-

munities). By ensuring that all communities have access to reliable and sustainable energy,

QAOA supports inclusive and resilient urban development. This can improve the quality of

life in urban areas, enhance economic opportunities, and promote social inclusion.

The adaptability of QAOA to different types of graphs and constraints makes it a ver-

satile tool for addressing a wide range of sustainability challenges. However, scalability will
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depend on the continued evolution of quantum hardware and software capabilities. Ongo-

ing advancements in quantum computing technology will be essential to fully realize the

potential of QAOA in contributing to the Sustainable Development Goals (SDGs).
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